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A CHARACTERIZATION OF COMPLEX QUASI-PROJECTIVE
MANIFOLDS UNIFORMIZED BY UNIT BALLS
YA DENG
Abstract. In 1988 Simpson extended the Donaldson-Uhlenbeck-Yau theorem to the
context of Higgs bundles, and as an application he proved a uniformization theo-
rem which characterizes complex projective manifolds and quasi-projective curves
whose universal coverings are complex unit balls. In this paper we give a necessary
and sufficient condition for quasi-projective manifolds to be uniformized by com-
plex unit balls. This generalizes the uniformization theorem by Simpson. Several
byproducts are also obtained in this paper.
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0. Introduction
0.1. Main result. The main goal of this paper is to characterize complex quasi-
projective manifolds whose universal coverings are complex unit balls.
TheoremA (=Theorem 4.8.(i)). LetX be ann-dimensional complex projectivemanifold
and let D be a smooth divisor on X (might contain several disjoint components). Let L
be an ample polarization on X . For the log Higgs bundle (Ω1X (logD) ⊕ OX ,θ ) on (X ,D)
with the Higgs field θ defined by
θ : Ω1X (logD) ⊕ OX → (Ω1X (logD) ⊕ OX ) ⊗ Ω1X (logD)(0.1.1)
(a,b) 7→ (0,a),
if it is µL-polystable (see § 1.4 for the definition), then one has the following inequality(
2c2(Ω1X (logD)) −
n
n + 1
c1(Ω1X (logD))2
) · c1(L)n−2 ≥ 0.(0.1.2)
When the equality holds, the universal cover of X −D is the complex unit ball Bn ⊂ Cn ,
and KX + D is big, nef and ample over X − D.
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Let us stress here that whenD is empty or when dim X = 1, TheoremA has already
been proved by Simpson [Sim88, Proposition 9.8]. As we will see later, we follow his
strategy closely to prove the above theorem. Let us also mention that the inequality
(0.1.2) is a direct consequence of Mochizuki’s deep work on the Bogomolov-Gieseker
inequality for parabolic Higgs bundles [Moc06, Theorem 6.5]. Our main contribution
is the uniformization result when the equality in (0.1.2) is achieved. The proof builds
on Simpson’s ingenious ideas [Sim88] on characterizations of complete varieties uni-
formized by Hermitian symmetric spaces, as well as Mochizuki’s celebrated work on
Simpson correspondence for tame harmonic bundles [Moc06]. Since the Kobayashi-
Hitchin correspondence for general slope polystable parabolic Higgs bundles is still
unproven, we need some additional methods to prove the above uniformization result
(see § 0.3 for rough ideas).
We will show that the conditions in Theorem A is indeed necessary, by proving
the following slope stability (with respect to a more general polarization) result for
the natural log Higgs bundles associated to toroidal compactification of non-compact
ball quotient by torsion free lattice.
Theorem B (=§ 5.4). Let Γ ⊂ PU (n, 1) be a torsion free lattice with only unipotent
parabolic elements. Let X be the (smooth) toroidal compactification of the ball quotient
BnupslopeΓ. WriteD := X −B
n
upslopeΓ for the boundary divisor, which is a disjoint union of Abelian
varieties. Let α ∈ H1,1(X ,R) be a big and nef cohomology (1, 1)-class on X containing
a positive closed (1, 1)-current T ∈ α so that T |X−D is a smooth Kähler form and has at
most Poincaré growth near D (for example, α = c1(KX +D) or α contains a Kähler form
ω). Then one has the following equality for Chern classes
2c2(Ω1X (logD)) −
n
n + 1
c1(Ω1X (logD))2 = 0.(0.1.3)
The log Higgs bundle (Ω1X (logD)⊕OX ,θ ) defined in (0.1.1) is µα -polystable for the above
big and nef polarization α . In particular, it is slope polystable with respect to any Kähler
polarization and the polarization by the big and nef class c1(KX + D).
As a consequence of Theorems A and B, following [Sim88, Corollary 9.5] in the
compact setting, we give a new proof for the following rigidity result of ball quotient
under the automorphism of complex number field C to its coefficients of defining
equations.
Corollary C (=§ 6). Let Γ ⊂ PU (n, 1) be a torsion free lattice, and let X := BnupslopeΓ be
the ball quotient, which carries a unique algebraic structure, denoted by Xalg. For any
automorphism σ ∈ Aut(C), let Xσ
alg
:= Xalg ×σ Spec(C) be the conjugate variety of Xalg
under the automorphism σ , and denote by Xσ the analytification of Xσ
alg
. Then Xσ is
also a ball quotient, namely there is another torsion free lattice Γσ ⊂ PU (n, 1) so that
Xσ = B
n
upslopeΓσ .
When Γ is arithmetic, Corollary C has been proved by Kazhdan [Kaz83]. When
Γ is non-arithmetic, it was proved by Mok-Yeung [MY93, Theorem 1] and by Baldi-
Ullmo [BU20, Theorem 8.4.2].
We also obtain some byproducts, and let us mention a few. We prove the Simpson-
Mochizuki correspondence for principal system of log Hodge bundles over projective
log pairs (see Theorem 3.1). We give a characterization of slope stability with respect
to big and nef classes for log Higgs bundles on Kähler log pairs (see Theorem 5.7).
We also give a very simple proof of the negativity of kernels of Higgs fields of tame
harmonic bundles by Brunebarbe [Bru17] (originally by Zuo [Zuo00] for system of
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log Hodge bundles), using some extension theorems of plurisubharmonic functions
in complex analysis (see § 4.2).
0.2. A few histories. Since the main purpose of this paper is to prove the uni-
formization result rather than the Miyaoka-Yau type inequality (0.1.2), we shall only
recall some earlier work related to the characterization of ball quotient, and we refer
the readers to [GKT16,GT16] for more references on the Miyaoka-Yau type inequal-
ities.
Based on his proof of the Calabi conjecture [Yau78], Yau established the inequal-
ity (0.1.2) when X is a projective manifold and D =  with KX ample. He proved
that X is uniformized by the complex unit ball in case of equality. A partial uni-
formization result for smooth minimal models of general type have been obtained
by Zhang [Zha09]. More recently, uniformization result has been extended to pro-
jective varieties with klt singularities in the series of work [GKPT19b,GKPT19a] by
Greb-Kebekus-Peternell-Taji.
All the above works dealt with compact varieties. A strong uniformization result
was established by Kobayashi [Kob85] in the case of open orbifold surfaces. Cheng-
Yau [CY86] gave a characterization of quasi-projective ball quotients of any dimen-
sions by differential geometric conditions, though it seems to be difficult to verify their
differential geometric conditions. At almost the same time, based on [CY86], Tian-
Yau [TY87] and Tsuji [Tsu88] independently established similar algebraic geometric
characterizations of non-compact ball quotient of any dimension. To the best of au-
thor’s knowledge, [TY87, Tsu88] are the only known works of algebraic geometric
characterization of high dimensional quasi-projectivemanifoldswhose universal cov-
ers are unit balls.
All these aforementioned uniformization results are built on the positivity of the
(log) canonical sheaf of the varieties. In [Sim88], Simpson established a remarkable
uniformization result in terms of stability of Higgs bundles. We essentially follow his
approaches in this paper. In next subsection, we shall recall his ideas and discuss the
main difficulties in generalizing his methods to the context of non-compact varieties.
0.3. Main strategy. Let us briefly recall Simpson’s strategy for the proof of Theo-
rem A when D = . In [Sim88, Theorem 1], Simpson proved that Higgs bundles over
compact Kähler manifolds are polystable if and only if they admit Hermitian-Yang-
Mills metrics. He then introduced the important notion of principal system of Hodge
bundles, which is closed related to principal variation of Hodge structures. Based on
theDonaldson heat flowmethods in his proof of [Sim88, Theorem 1], in [Sim88, Propo-
sition 8.2] he proved that a principal system of Hodge bundles with vanishing second
Chern classes gives rise to a principal variation of Hodge structures, and vice versa.
Assume now the boundary divisor D of X in Theorem A is empty. In [Sim88, p. 901]
Simpson defined a principal system of Hodge bundles associated to (Ω1X ⊕ OX ,θ )
whose second Chern class vanishes by [Sim88, Proposition 9.8]. By [Sim88, Proposi-
tion 8.2], this gives rise to a principal variation of Hodge structures on the universal
covering of X , whose period map is biholomorphic to the complex unit ball of dim X
since X is compact. This is the rough idea of Simpson’s proof for Theorem A when
D = .
Let us explain our rough ideas in the proof of Theorem A when the equality in
(0.1.2) holds.
Step 1: Following Simpson in the compact setting, we first define systems of log
Hodge bundles over log pairs. We prove that, a system of log Hodge bun-
dles on a projective with vanishing first and second Chern classes admits a
4 YA DENG
Hodge metric, which is adapted to the trivial parabolic structure (see Proposi-
tion 1.16). The proof is different from Simpson’s method since its is not clear
for us that Donaldson’s heat flow can give the desired Hermitian-Yang-Mills
metric in the log setting. Instead, we first apply Mochizuki’s celebrated the-
orem [Moc06, Theorem 9.4] to show the existence of harmonic metric, and
we then use someC∗-action invariant property of log Hodge bundles to show
that this harmonic metric is moreover a Hodge metric.
Step 2: We generalize the result in Step 1 to the context of principal bundles. Fix a
Hodge group G0. Following Simpson again, we define a principal system of
log Hodge bundles (P , τ ) on log pairs (X ,D) with the structure group K ⊂ G,
where G is the complexification of G0. Based on the result in Step 1 together
with some similar Tannakian arguments in [Sim90], in Theorem 3.1 we prove
that if there is a faithful Hodge representation ρ : G → GL(V ) for some polar-
izedHodge structure (V = ⊕i+j=wV i,j ,hV ) so that the system of log Hodge bun-
dles (P ×KV ,dρ(τ )) is µL-polystable with
∫
X
ch2(P ×KV ) ·c1(L)dimX−2 = 0, then
there is a metric reduction PH for P |X−D so that the triple (P |X−D , τ |X−D, PH )
gives rise to a principal variation of Hodge structures on X − D.
Step 3: For the system of log Hodge bundles (E := Ω1X (logD) ⊕ OX ,θ ) in Theorem A,
we first associate it a principal system of log Hodge bundles (P , τ ) in Propo-
sition 2.10, whose Hodge group G0 = PU (n, 1) is of Hermitian type (see Defi-
nition 2.4). One can easily show that c2(P ×K g) = c2(End(E)⊥) = 0 when the
equality in (0.1.2) holds, where End(E)⊥ denotes the trace free part of End(E).
By a theorem of Mochizuki in Theorem 1.11, the system of log Hodge bun-
dles (P ×K g,d(Ad)(τ )) = (End(E)⊥,θEnd(E)⊥) is also slope polystable if (E,θ )
is slope polystable. Since the adjoint representation G → GL(g) is a faithful
Hodge representation, by the result in Step 2, there is a metric reduction PH
for P |X−D so that the triple (P |X−D, τ |X−D, PH ) gives rise to a principal variation
of Hodge structures on X −D. Since τ : TX (− logD) → P ×K g−1,1 is an isomor-
phism, this implies that the period mapp : X − D → PU (n, 1)upslopeU (n) associated
to (P |X−D, τ |X−D, PH) from the universal cover X − D of X − D to the period
domain G0upslopeK0 =
PU (n, 1)upslopeU (n) is locally biholomorphic. For more details, see
Step one of the proof of Theorem 4.8
Step 4: We have to prove that the period map p in Step 3 is moreover a biholomor-
phism. Note that when D = , this step is quite easy. In Remark 2.6 we show
that it suffices to prove that the hermitian metric τ ∗hH on X − D is complete,
where hH is the hermitian metric on P ×K g−1,1 |X−D induced by the metric re-
duction PH together with the Killing form of g. This step is slightly involved
and the readers can find it in Step two of the proof of Theorem 4.8. To be brief,
we establish a precise model metric for (E,θ ) ⊗ (E∗,θ ∗) locally around D with
at most log growth, and we prove that this local metric is indeed mutually
bounded with hH using similar ideas in [Sim90, §4]. Based on this model met-
ric, we obtain a precise norm estimates for hH near D, so that we can prove
that τ ∗hH is a complete metric on X − D. This concludes that the universal
cover of X − D is the complex unit ball PU (n, 1)upslopeU (n) of dimension n.
0.4. Furtherperspectives. In this paperwe only consider logHiggs bundles, namely
parabolic Higgs bundles with trivial parabolic structures. If one allows non-trivial
parabolic structures in Theorem A, we expect that there is a ramified covering of X
by the complex unit ball which is only ramified over D.
CHARACTERIZATION OF NON-COMPACT BALL QUOTIENTS 5
In TheoremA, we consider the ample polarization for log Higgs bundles. In the last
decades, after the sequelwork byCampana-Peternell [CP11], Greb-Kebekus-Peternell
[GKP16] and Campana-Păun [CP19], for applications in birational geometry it is quite
important to consider more general polarization by big and nef line bundles or even
movable curves. In Theorem B we establish such generalization for log Higgs bundles
associated to toroidal compactifications of ball quotients. In a future project wewould
like to extend Theorem A to this context.
In [Sim88, Theorem 2], Simpson established a characterization of hermitian sym-
metric spaces of non-compact type. In Corollary 3.2 we only partially generalize his
result to the log setting. The missing point is the precise norm estimate of the Hodge
metric as Step 4 in § 0.3. We will consider this problem in a future work.
0.5. Acknowledgments. This work owes a lot to the deep work [Sim88, Sim90,
Sim92,Moc06], to which I express my deepest gratitude. I sincerely thank Professor
Carlos Simpson for answering my questions, as well as his suggestions and encour-
agements. I thank Professor Takuro Mochizuki for sending me his personal notes on
the proof of Theorem 1.11. I also thank Professors Jean-Pierre Demailly, Henri Gue-
nancia and Emmanuel Ullmo, and Gregorio Baldi, Jiaming Chen, Jie Liu, Mingchen
Xia for very helpful discussions and their remarks on this paper. This work is sup-
ported by “le fond Chern” à l’IHES.
Notations and conventions
• A couple (E,h) is a Hermitian vector bundle on a complex manifold X if E a holomor-
phic vector bundle on X equipped with a smooth hermitian metric h. ∂¯E denotes the
complex structure of E, and we sometimes simply write ∂¯ if no confusion arises.
• Two hermitian metrics h and h˜ of a holomorphic vector bundle on X are mutually
bounded if C−1h ≤ h˜ ≤ Ch for some constant C > 0, and we shall denote by h ∼ h′.
• For a hermitian vector bundle (E,h) on a complex manifold, dh = ∂h + ∂¯E denotes its
Chern connection and Rh(E) = d2h denotes its Chern curvature.• For a Higgs bundle (E,θ ,h) with a smooth metric h on a complex manifold, Fh(E) :=
Rh(E) + [θ ,θh], where θh is the adjoint of θ with respect to h. We denote by Fh(E)⊥
the trace free part of Fh(E).
• Let (E,θ ) be a log Higgs bundle on a log pair (X ,D). For a,b ∈ Z≥0, we denote
by T a,b(E,θ ) the tensor product of (E,θ ) with T a,bE := Hom(E⊗a , E⊗b ), and T a,bθ the
induced Higgs field.
• ∆ denotes the unit disk in C, and ∆∗ denotes the punctured unit disk.
• The complex manifold X in this paper is always assumed to be connected and of
dimension n.
• Throughout the paper we always work over the complex number field C.
• A log pair (X ,D) consists of a (possibly non-compact) complexmanifoldX and simple
normal crossing divisor D on X . Such a log pair is called projective (resp. Kähler) if X
is a projective (resp. compact Kähler) manifold.
• P denotes the holomorphic principal K-fiber bundle on a complex manifold or log
pairs, and PH ⊂ P denotes its metric reduction with the structure group K0 ⊂ K .
• For a cohomology big (1, 1)-class α on a compact Kähler manifold, E(α) denotes the
set of closed positive (1, 1)-currents in α with full Monge-Ampère mass.
• For a closed positive (1, 1)-currentT on a complex manifold, locally it can be written
as T =
√−1∂∂φ with φ some plurisubharmonic function. Such φ is called the local
potential of T .
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1. Log Higgs bundles and system of log Hodge bundles
1.1. Higgs bundles and tame harmonic bundles. In this section we recall the
definition of Higgs bundles and tame harmonic bundles. We refer the readers to
[Sim88, Sim90, Sim92,Moc02,Moc07] for further details.
Definition 1.1. Let X be a complex manifold. A Higgs bundle on X is a pair (E,θ )
where E is a holomorphic vector bundle with ∂¯E its complex structure, and θ : E →
E ⊗ Ω1X is a holomorphic one form with value in End(E), say Higgs field, satisfying
θ ∧ θ = 0.
Let (E,θ ) be a Higgs bundle over a complex manifold X . Write D′′ := ∂¯E + θ . Then
D′′2 = 0. Suppose h is a smooth hermitian metric of E. Denote by dh := ∂h + ∂¯E the
Chern connection with respect to h, and by θh the adjoint of θ with respect to h. Write
D′
h
:= ∂h + θh. The metric h is harmonic if the operator Dh := D′h + D
′′ is integrable,
that is, if D2
h
= Rh + [θ ,θh] = 0.
Definition 1.2 (Harmonic bundle). A harmonic bundle on a complex manifold X is
triple (E,θ ,h) where (E,θ ) is a Higgs bundle and h is a harmonic metric for (E,θ ).
LetX be ann-dimensional complexmanifold, and letD be a simple normal crossing
divisor.
Definition1.3. (Admissible coordinate) Letp be a point ofX , and assume that {Dj}j=1,...,ℓ
be components of D containing p. An admissible coordinate around p is the tuple
(U ; z1, . . . , zn;φ) (or simply (U ; z1, . . . , zn) if no confusion arises) where
• U is an open subset of X containing p.
• there is a holomorphic isomorphism φ : U → ∆n so that φ(Dj ) = (zj = 0) for
any j = 1, . . . , ℓ.
We shall write U ∗ := U − D, U (r ) := {z ∈ U | |zi | < r , ∀i = 1, . . . ,n} and U ∗(r ) :=
U (r ) ∩U ∗.
Recall that the Poincaré metric ωP on (∆∗)ℓ × ∆n−ℓ is described as
ωP =
ℓ∑
j=1
√−1dzj ∧ dz¯j
|zj |2(log |zj |2)2
+
n∑
k=ℓ+1
√
−1dzk ∧ dz¯k
Note that
ωP = −
√
−1∂∂ log
( ℓ∏
j=1
(− log |zj |2) · exp
( n∑
k=ℓ+1
|zk |2
) )
.
Definition 1.4 (Poincaré growth). For a hermitian metric ω on (∆∗)ℓ × ∆n−ℓ, we say
it has at most (resp. the same) Poincaré growth if there isC > 0 so thatω ≤ CωP (resp.
ω ∼ ωP ). Let (X ,D) be a log pair. A hermitian metricω onX −D has at most (resp. the
same) Poincaré growth nearD if for any point x ∈ D, there is an admissible coordinate
(U ; z1, . . . , zn) centered at x and a constant CU > 0 so that ω ≤ CUωP (resp. ω ∼ ωP )
for the Poincaré metric ωP on U
∗.
Remark 1.5 (Global Kähler metric with Poincaré growth). Let (X ,ω) be a compact
Kähler manifold and D =
∑ℓ
i=1 Di is a simple normal crossing divisor on X . By
Cornalba-Griffiths [CG75], one can construct a Kähler current T over X , whose re-
striction on X − D is a complete Kähler form, which has the same Poincaré growth
near D as follows.
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Let σi be the section H
0(X ,OX (Di)) defining Di , and we pick any smooth metric hi
for the line bundle OX (Di). One can prove that the closed (1, , 1)-current
T := ω −
√
−1∂∂ log(−
ℓ∏
i=1
log |ε · σi |2·hi ),(1.1.1)
the desired Kähler current when 0 < ε ≪ 1.
For any harmonic bundle (E,θ ,h), let p be any point of X, and (U ; z1, . . . , zn) be an
admissible coordinate around p. On U , we have the description:
θ =
ℓ∑
j=1
fjd log zj +
n∑
k=ℓ+1
дkdzk(1.1.2)
Definition 1.6 (Tameness). Let t be a formal variable. We have the polynomials
det(fj − t), and det(дk − t), whose coefficients are holomorphic functions defined over
U ∗. When the functions can be extended to the holomorphic functions over U , the
harmonic bundle is called tame at p. A harmonic bundle is tame if it is tame at each
point.
1.2. Parabolic Higgs bundle. In this section, we recall the notions of parabolic
Higgs bundles. For more details refer to [Moc07]. Let X be a complex manifold,
D =
∑ℓ
i=1 Di be a reduced simple normal crossing divisor and U = X − D be the
complement of D.
Definition 1.7. A parabolic sheaf (E, aE,θ ) on (X ,D) is a torsion free OU -module E,
together with an Rl -indexed filtration aE (parabolic structure) by coherent subsheaves
such that
1). a ∈ Rl and aE |U = E.
2). For 1 ≤ i ≤ l , a+1iE = aE(−Di ), where 1i = (0, . . . , 0, 1, 0, . . . , 0) with 1 in the
i-th component.
3). a−ϵE =a E for any vector ϵ = (ϵ, . . . , ϵ) with 0 < ϵ ≪ 1.
4). The set of weights a such that aE/a+ϵE , 0 is discrete in Rl for any vector
ϵ = (ϵ, . . . , ϵ) with 0 < ϵ ≪ 1.
A weight is normalized if it lies in [0, 1)l . Denote 0E by ⋄E, where 0 = (0, . . . , 0) .
Note that the parabolic structure of (E, aE,θ ) is uniquely determined by the filtration
for weights lying in [0, 1)l . A parabolic bundle on (X ,D) consists of a vector bundle
E on X with a parabolic structure, such that as a filtered bundle. When the parabolic
sheaf only has a single weight 0, we say that it has trivial parabolic structure.
Definition 1.8. A parabolic Higgs bundle on (X ,D) is a parabolic bundle (E, aE,θ )
together with OX linear map
θ : ⋄E → Ω1X (logD) ⊗ ⋄E
such that
θ ∧ θ = 0
and
θ (aE) ⊆ Ω1X (logD) ⊗ aE,
for a ∈ [0, 1)l .
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Throughout this paper, we mainly consider parabolic Higgs bundles with trivial
parabolic structures on log pairs (X ,D). In this case, it is equivalent to consider log
Higgs bundles (E,θ ) over (X ,D), namely, E is a holomorphic vector bundle on X , and
θ : E → E ⊗ Ω1X (logD) with θ ∧ θ = 0.
A natural class of parabolic Higgs bundles comes from prolongations of tame har-
monic bundle, which is discussed in the following section.
1.3. Prolongation by an increased order. By the work of Simpson [Sim90] and
Mochizuki [Moc02, Moc07], there is a natural parabolic Higgs bundle induced by a
tame harmonic bundle (E,θ ,h). Let us recall their constructions.
We recall some notions in [Moc07, §2.2.1]. Let (X ,D) be the pair in subsection 1.2.
Let E be a holomorphic vector bundle with a C∞ hermitian metric h over X − D.
LetU be an open subset ofX , which is admissible with respect toD. For any section
σ ∈ Γ(U −D, E |U−D ), let |σ |h denote the norm function of σ with respect to the metric
h. We denote |σ |h ∈ O(
∏ℓ
i=1 |zi |−bi ) if there exists a positive number C such that
|σ |h ≤ C ·
∏ℓ
i=1 |zi |−bi . For any b ∈ Rℓ, say −ord(σ ) ≤ b means the following:
|σ |h = O(
ℓ∏
i=1
|zi |−bi−ε )
for any real number ε > 0. For any b, the sheaf bE is defined as follows:
Γ(U − D, bE) := {σ ∈ Γ(U − D, E |U−D ) | −ord(σ ) ≤ b}.(1.3.1)
The sheaf bE is called the prolongment of E by an increasing order b. In particular,we
use the notation ⋄E in the case b = (0, . . . , 0).
According to Simpson [Sim90, Theorem 2] and Mochizuki [Moc07, Theorem 8.58],
the above prolongation gives a parabolic Higgs bundles, especially θ preserves the
filtration.
Theorem1.9 (Simpson, Mochizuki). Let (X ,D) be a complexmanifoldX with a simple
normal crossing divisor D. If (E,θ ,h) is a tame harmonic bundle on X − D, then the
corresponding filtration bE according to the increasing order in the prolongment of E
defines a parabolic bundle (E, bE,θ ) on (X ,D). 
In this case, we say the harmonic metric is adapted to the parabolic structure of
(E, bE,θ ).
1.4. Slope stability. Let (X ,ω) be a compact Kähler manifold of dimension n and let
D be a simple normal crossing divisor onX . Let (E,θ ) be a log Higgs bundle on (X ,D).
Let α be a big and nef cohomology (1, 1)-class on X . For any torsion free coherent
sheaf F , its degree with respect to α is defined by degα (F ) := c1(F ) · αn−1, and its slope
with respect to α is defined by
µα (F ) :=
degα (F )
rank F
.
Consider a logHiggs bundle (E,θ ) on (X ,D). AHiggs sub-sheaf is a saturated coherent
torsion free subsheaf E′ ⊂ E so that θ (E′) ⊂ E′ ⊗ ΩX (logD). We say (E,θ ) is µα -stable
if for Higgs sub-sheaf E′ of E, with 0 < rankE′ < rankE, the condition
µα (E′) < µα (E)
is satisfied. (E,θ ) is µα -polystable if it is a direct sum of µα -stable log Higgs bundles
with the same slope.
When α = {ω} where ω is a Kähler form on X , we write µω instead of µα . When
α = c1(L) for some ample line bundle L on X , we use the notation µL instead of µα .
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By Simpson [Sim90], there is a C∗-action on log Higgs bundles (E,θ ) defined by
(E, tθ ) for any t ∈ C∗. It follows from the definition that, if (E,θ ) is µω-stable, then
(E, tθ ) is also µω-stable for any t ∈ C∗.
The following celebrated Simpson correspondence for tame harmonic bundles proved
by Mochizuki [Moc06] is a crucial ingredient in this paper.
Theorem 1.10 (Mochizuki). Let (X ,D) be a projective log pair endowed with an am-
ple polarization L. A log Higgs bundle (E,θ ) on (X ,D) is µL-polystable with
∫
X
c1(E) ·
c1(L)dimX−1 =
∫
X
ch2(E) · c1(L)dimX−2 = 0 if and only if there is a harmonic metric
h for (E |X−D ,θ |X−D) which is adapted to the trivial parabolic structure. When (E,θ ) is
moreover stable, such a harmonic metric h is unique up to some positive constant multi-
plication.
Let us mention that in [Biq97] Biquard has proved a stronger theorem when the
divisor D in Theorem 1.10 is smooth.
The poly-stability is also preserved under tensor product and dual by Mochizuki
[Moc20].
Theorem 1.11 (Mochizuki). Let (X ,D) be a projective log pair endowed with an ample
polarization L. Let (E,θ ) be a µL-polystable log Higgs bundle on (X ,D). Then the tensor
productT a,b(E,θ ) is still a µL-polystable log Higgs bundle for a,b ∈ Z≥0. Here T a,bE :=
Hom(E⊗a, E⊗b ) with T a,bθ the induced Higgs field.
1.5. Simpson-Mochizuki correspondence for systems of log Hodge bundles.
A typical and important class of log Higgs bundle is the system of log Hodge bun-
dles. In this subsection, we shall apply Theorem 1.10 to prove the Simpson-Mochizuki
correspondence for systems of log Hodge bundles.
Definition 1.12 (System of log Hodge bundles). Let (E,θ ) be a log Higgs bundle on
a log pair (X ,D). We say that (E,θ ) is a system of log Hodge bundles if there is a
decomposition of E into holomorphic vector bundles E := ⊕p+q=wEp,q such that
θ : Ep,q → Ep−1,q+1 ⊗ Ω1X (logD).
When D = , such (E,θ ) is called a system of Hodge bundles. A system of log Hodge
bundles is µω-(poly)stable if it is µω-(poly)stable in the sense of log Higgs bundles.
Definition 1.13 (Hodge metric). Let (E := ⊕p+q=wEp,q,θ ) be a system of Hodge bun-
dles on a complex manifold X . A hermitian metric h for E is called a Hodge metric if
h is harmonic, and it is a direct sum of metrics on the bundles Ep,q .
By Simpson [Sim88], a system of Hodge bundles equipped with a Hodge metric is
equivalent to a complex variation of Hodge structures. He then established his corre-
spondence for Hodge bundles over compact Kähler manifolds as follows.
Theorem1.14 ([Sim88, Proposition 8.1]). Suppose (X ,ω) is a compact Kähler manifold.
A Hodge bundle (E := ⊕p+q=wEp,q,θ ) with c1(E) = 0 and c2(E) · [ω]dimX−2 = 0 is µω -
polystable if and only if it admits a Hodge metric.
In the rest of this subsection, we will extend Theorem 1.14 to the log setting.
Let us first recall that, by Simpson [Sim90], a characterization of log Hodge bundles
is the fixed point of C∗-action. The automorphism of E obtained by multiplication by
tp on Ep,q gives an isomorphism between (E,θ ) and (E, tθ ). The converse holds as
follows.
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Lemma 1.15 ( [Sim90, Lemma 4.1] & [Sim92, Theorem 8]). Let (E,θ ) be a log Higgs
bundle on a log pair (X ,D). If (E,θ ) ≃ (E, tθ ) for some t ∈ C∗ which is not a root of
unity, then (E,θ ) has a structure of system of log Hodge bundles.
Let us state and prove the main result in this subsection.
Proposition 1.16. Let (X ,D) be a projective log pair. Let (E,θ ) = (⊕p+q=wEp,q,θ ) be a
system of logHodge bundles on (X ,D)which is µL-polystablewith
∫
X
c1(E)·c1(L)dimX−1 =∫
X
ch2(E) · c1(L)dimX−2 = 0. Then there is a decomposition (E,θ ) = ⊕i∈I (Ei ,θi) where
each (Ei ,θi) is µL-stable system of log Hodge bundles so that there is a Hodge metric
hi (unique up to a positive multiplication) for (Ei |X−D,θi |X−D) which is adapted to the
trivial parabolic structure of (Ei ,θi).
Proof. Let us first prove the proposition when (E,θ ) is stable. By [Moc06, Theorem
9.1 & Propositions 5.1-5.3], there is a harmonic metrics h for (E |X−D ,θ |X−D) which is
adapted to the trivial parabolic structure, and such a harmonic metric is unique up
to a positive constant multiplication. We introduce automorphism ft : E → E of E
parametrized by t ∈ U (1), defined by
ft (
∑
p+q=w
ep,q) =
∑
p+q=w
tpep,q .(1.5.1)
for every ep,q ∈ Ep,q . Then ft : (E,θ ) → (E, tθ ) is an isomorphism since tθ ◦ ft = ft ◦θ .
Hence by the uniqueness of harmonic metrics, there is a function λ(t) : U (1) → R+
such that
f ∗t h = λ(t) · h.
For every ep,q ∈ Ep,q , one has
λ(t) · h(ep,q, ep,q) = f ∗t h(ep,q, ep,q) = h(ft (ep,q), ft (ep,q)) = |tp |2h(ep,q, ep,q) = h(ep,q, ep,q)
Hence λ(t) ≡ 1 for t ∈ U (1), namely f ∗t h = h. On the other hand,
h(ep,q, er ,s ) = f ∗t h(ep,q, er ,s ) = h(ft (ep,q), ft (er ,s )) = tpt−rh(ep,q, er ,s)
for any t ∈ U (1). Therefore, h(ep,q, er ,s) = 0 if p , r . Hence h is a direct sum of
hermitian metrics for Ep,q , namely h is a Hodge metric. The proposition is proved if
(E,θ ) is stable.
Let us prove the general cases. By [Moc06, Corollary 3.11 & Theorem 9.1 & Proposi-
tions 5.1-5.3], there is a canonical and unique decomposition (E,θ ) = ⊕i∈I (Ei ,θi) ⊗Cpi
where I is a finite set and harmonic metrics hi for (Ei |X−D,θi |X−D) which is adapted
to the trivial parabolic structure so that (Ei ,θi) is a µL-stable log Higgs bundle. By the
above arguments, it suffices to prove that each (Ei ,θi) is system of log Hodge bundles.
Since (E,θ ) is a system of log Hodge bundles, (E, tθ ) is isomorphic to (E,θ ) for any
t ∈ U (1). We have the following decomposition (E, tθ ) = ⊕i(Ei , tθi) ⊗ Cpi . Note that
(Ei , tθi) is still µL-stable. By the uniqueness of the decomposition, (Ei , tθi) ≃ (Eit ,θit )
for some it ∈ I . Since I is a finite set, there exists t1, t2 so that t1/t2 is not a root of
unity and it1 = it2 . In other words, (Ei , t1θi) ≃ (Ei , t2θi). By Lemma 1.15, (Ei , t1θi) is a
system of log Hodge bundles, and so is (Ei ,θi). Hence (E,θ ) is a direct sum of µL-stable
system of log Hodge bundles (Ei ,θi), and each (Ei |X−D ,θi |X−D) admits a Hodge metric
hi adapted to the trivial parabolic structure. The proposition is proved. 
2. Principal system of log Hodge bundles
In this section, we will extend Simpson’s principal system of log Hodge bundles in
[Sim88, §8] to the log setting. We will provide all necessary proofs for the claims for
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completeness sake. Let us mention that most results in this section follows [Sim88, §8
& §9] with minor changes.
Let G0 be a real linear algebraic group which is semi-simple with its Lie algebra
denoted by g0. Let G be its complexification with its Lie algebra denoted by g. Then
g = g0 +
√−1g0. G0 is called a Hodge group if the following conditions hold.
• The Lie algebra g of G admits a Hodge structure of weight 0, namely, one has a
decomposition
g = ⊕gp,−p
so that [gp,−p , gq,−q] ⊂ gp+q,−p−q .
• If • denotes the complex conjugation with respect to g0, then gp,−p = g−p,p .
• The form
hg(u,v) := (−1)p+1Tr (adU adV¯ ) for U ,V ∈ gp,−p(2.0.1)
is a positively definite hermitian metric for g.
let K0 ⊂ G0 be the Lie subgroup of G0 so that its Lie algebra k0 is g0 ∩ g0,0. Let K ⊂ G
(resp. k) be the complexification of K0 (resp. k0), and thus the Lie algebra of K is k.
Then the restriction of the Killing form of g0 on k0 is positively definite, and thus K0
is a compact real Lie group.
In the rest of the paper, we shall use the above notations without recalling their
meanings.
The following concrete example of the Hodge group will be used in this paper,
especially in the proof of Theorem A.
Example 2.1. Consider the a direct sum of C-vector spaces
V = ⊕i+j=wV i,j
Denote by ri := rankV
i,j , and r := rank V . Fix a hermitian metric h = ⊕i+j=whi for
V where hi is a hermitian metric for V
i,j . We take a sesquilinear form Q(u,v) :=
(√−1)i−jh(u,v) for u,v ∈ V i,j . Define G0 := PU (V ,Q) = PU (p0,q0), where p0 :=∑
i odd ri and q0 :=
∑
i even ri . We shall show thatG0 is a Hodge group.
First we note that the complexification of G0 is G := PGL(V ) ≃ PGL(r ,C). Then
the Lie algebra ofG is g = sl(V ) ≃ sl(r ,C), and the Lie algebra ofG0 is g0 = su(p0,q0).
Let us define the Hodge decomposition as follows:
g
p,−p
= ⊕iHom(V i,j ,V i+p,j−p) ∩ sl(V ).
Then g = ⊕gp,−p . One can check that gp,−p = g−p,p , where the conjugate is taken with
respect to the real form g0 of g.
Let K be the subgroup of G which fix each V i,j . Then K = P(∏i+j=w GL(V i,j )), and
its Lie algebra is k = g0,0. Define K0 := K ∩ G0 = P(
∏
i+j=w U (V i,j ,hi)), whose Lie
algebra is k0 = g
0,0 ∩ g0.
More precisely, if we fix a unitary frame e1, . . . , ep0 for (⊕ioddV i,j , ⊕i oddhi) and a
unitary frame f1, . . . , fq0 for (⊕i evenV i,j , ⊕ioddhi), elements in g0 can be expressed as
the ones inM(r × r ,C) with the form [
A C
C∗ B
]
where A ∈ u(p0) and B ∈ u(q0) so that Tr (A) +Tr (B) = 0. Note that the Killing form
Tr (aduadv ) = 2rTr (uv),
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if we consider u,v as elements in sl(r ,C). Moreover, for u ∈ gp,−p , one can show that
u =
{
−u∗ if p is even
u∗ if p is odd.
whereu∗ denotes the conjugate transpose ofu. Hence the hermitianmetrichg defined
in (2.0.1) can be simply expressed as
hg(u,v) = 2rTr (uv∗)
once we consideru,v as elements in sl(r ,C). In other words, for the natural inclusion
ι : g ֒→ gl(V ), one has hg = 2r · ι∗hEnd(V ), where hEnd(V ) is the hermitian metric on
End(V ) induced by hV . This fact is an important ingredient in the proof of TheoremA.
Let us generalize Simpson’s definition of principal system of Hodge bundles in
[Sim88, §8] to the log setting as follows.
Definition 2.2 (Principal system of log Hodge bundles). A principal system of log
Hodge bundles on a log pair (X ,D) is a pair (P , τ ), where P is a holomorphic K-fiber
bundle endowed with a holomorphic map
τ : TX (− logD) → P ×K g−1,1
such that [τ (u), τ (v)] = 0. A metric for P |X−D is a reduction PH ⊂ P |X−D whose
structure group is K0. Let dH be the Chern connection for PH . Define τH to be the
complex conjugate of τ |X−D with respect to the reduction PH . Then
τH ∈ C∞(X − D, (PH × g1,−1) ⊗ Ω0,1X−D).
Set
DH := dH + τ |X−D + τH ,
which is a connection on the smooth G0-bundle PH ×ι G0 where ι : K0 ֒→ G0 is
the inclusion. Such triple (P |X−D, τ |X−D, PH) is called a principal variation of Hodge
structures over X − D of Hodge group G0, if the metric reduction PH ⊂ P |X−D is flat,
namely the curvature of DH is zero.
Remark 2.3. By Simpson [Sim88, p. 900], for a principal variation of Hodge structures
(P , τ , PH) on a complex manifold X , one can also define its period map as follows.
Denote by π : X˜ → X the universal cover of X . Set (P˜ := π ∗P , τ˜ := π ∗τ , P˜H := π ∗PH ),
which is a principal variation of Hodge structures on the simply connected complex
manifold X˜ . The flat connectionDH thus induces a flat trivialization P˜H×ιG0 ≃ X˜×G0.
The composition of the inclusion P˜H ⊂ P˜H ×ιG0 and the projection X˜ ×G0 → G0 gives
rise to a map
f : X˜ → G0upslopeK0 =: D .(2.0.2)
Alternatively, we view G0 → D as a principal K0-fiber bundle over D , and its pull-
back on X˜ via f is nothing but the principal K0-fiber bundle P˜H by our definition of
f . Hence the complexified differential of f is
d f C : TC
X˜
→ f ∗TC
D
≃ f ∗(G0 ×K0 ⊕p,0gp,−p) = P˜H ×K0 ⊕p,0gp,−p
One can prove that d f C = τ˜ + τ˜H , where τ˜H is the conjugate of τ˜ with respect to P˜H .
Hence the restriction of d f C to the holomorphic tangent bundle TX˜ is τ˜ , which is a
holomorphicmap since the holomorphic tangent bundle ofD isTD ≃ G0×K0⊕p<0gp,−p .
In conclusion, f is a holomorphic map, which is called the period map associated to
the principal variation of Hodge structures (P˜ , τ˜ , P˜H ), whose differential is given by
τ˜ .
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In this paper, we shall only consider Hodge group of Hermitian type.
Definition 2.4 ([Sim88, §9]). AHodge groupG0 is calledHermitian type if the Hodge
decomposition g of the Lie algebra of G is
g = g
−1,1 ⊕ g0,0 ⊕ g1,−1
and that G0 has no compact factor. In this case, K0 ⊂ G0 is the maximal compact
subgroup and D := G0upslopeK0 is a Hermitian symmetric space of the non-compact type.
We also have to generalize the definition of uniformizing bundle by Simpson [Sim88,
§9] to the log setting.
Definition 2.5 (Uniformizing bundle). Let G0 be a Hodge group of Hermitian type.
A uniformizing bundle on a log pair (X ,D) is a principal system of log Hodge bundles
(P , τ ) such that τ : TX (− logD) ≃→ P ×K g−1,1 is an isomorphism. A uniformizing vari-
ation of Hodge structures is a uniformizing bundle on a complex manifold X together
with a flat metric PH ⊂ P .
Remark 2.6. It follows from Definition 2.5 that, for a uniformizing variation of Hodge
structures over a complex manifoldX , the period map f : X˜ → D defined in (2.0.2) is
locally biholomorphic. Note that the metric reduction PH induces a hermitian metric
hH on P ×K g−1,1 ≃ PH ×K0 g−1,1 defined by
hH
((p,u), (p,v)) := Tr (adu ◦ adv¯ )(2.0.3)
for any p ∈ PH and u,v ∈ g−1,1. Note that for any k ∈ K0, one has
hH
((pk,Adk−1u), (pk,Adk−1v)) = Tr (adAdk−1u ◦ adAdk−1v)
= Tr (adAdk−1u ◦ adAdk−1v¯)
= Tr (Adk−1 ◦ adu ◦Adk ◦Adk−1 ◦ adv¯ ◦Adk )
= hH
((p,u), (p,v)) .
By the equivalence relation (p,u) ∼ (pk,Adk−1u), the metric hH is thus well-defined.
For the period domain D which is a hermitian symmetric space, one can also define
the hermitian metric hD for TD ≃ G0 ×K0 g−1,1 in a similar way. Since P˜H = f ∗G0
when we consider G0 → D as a principal K0-fiber bundle, one has
π ∗τ ∗hH = f ∗hD .(2.0.4)
In other words, f : (X˜ ,hX˜ := π ∗τ ∗hH ) → (D ,hD ) is a local isometry. Hence for the
action of π1(X ) on X˜ , the metric hX˜ is invariant under this π1(X )-action. If τ ∗hH is a
complete metric, so is π ∗τ ∗hH . By [Cha06, Theorem IV.1.2], f : X˜ → D is a covering
map, which is moreover a biholomorphism since X˜ andD are both simply connected.
In other words, X is uniformized by the hermitian symmetric space D .
One can construct systems of log Hodge bundles from principal ones via Hodge
representations.
Definition 2.7 ( [Sim88, p. 900]). Let (V = ⊕p+q=wVp,q,hV ) be a polarized Hodge
structure. A Hodge representation of G0 is a complex representation ρ : G → GL(V )
satisfying the following conditions.
• The action of g is compatible with Hodge type, and such that K0 preserves Hodge
type. In other words,
dρ(gr ,−r )(Vp,q) ⊂ V p+r ,q−r
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and ρ(K0)(V p,q) ⊂ V p,q .1
• The sesquilinear form Q defined by
Q(u,v) := (
√
−1)p−qhV (u,v) for u,v ∈ V p,q(2.0.5)
is G0 invariant. Namely, one has ρ(G0) ⊂ U (V ,Q).
Example 2.8. For the Hodge group G0, (g = ⊕pgp,−p ,hg) is a polarized Hodge struc-
ture of weight 0, where hg is the polarization defined in (2.0.1) via the Killing form.
One can easily check that the adjoint representation Ad : G → GL(g) is a Hodge
representation for this polarized Hodge structure. SinceG is a semi-simple Lie group,
the differential d(Ad) : g→ gl(g) is injective.
A principal system of log Hodge bundles together with a Hodge representation
induces a system of log Hodge bundles as follows.
Lemma 2.9. If ρ : G → GL(V ) is a Hodge representation of the Hodge group G0 and
(P , τ ) is a principal system of log Hodge bundles on the log pair (X ,D), then (E :=
P ×K V ,θ := dρ(τ )) is a system of log Hodge bundles. A polarization hV for V together
with a metric PH for P |X−D give a metric hE on the system of Hodge bundles (E,θ )|X−D
over X − D. When (P |X−D, τ |X−D, PH) is a principal variation of Hodge structures over
X − D, (E |X−D ,θ |X−D,hE) gives rise to a complex variation of Hodge structures.
Proof. By Definition 2.7, one has ρ(K)(V p,q) ⊂ Vp,q . Hence E := P ×K V admits a
decomposition of holomorphic vector bundles E = ⊕p+q=wEp,q with Ep,q := P ×K Vp,q .
Let us define θ := dρ(τ ). Since τ : TX (− logD) → P ×K g−1,1 satisfies [τ (u), τ (v)] = 0,
and dρ(д−1,1)(V p,q) ⊂ Vp−1,q+1, one thus has θ : Ep,q → Ep−1,q+1 ⊗ Ω1X (logD), with
θ ∧ θ = 0. Hence (E,θ ) is a system of log Hodge bundles.
Let us nowprove that ρ |K0 : K0 → GL(V )has image onU (V ,hV ). Since ρ(K)(V p,q) ⊂
Vp,q , one thus has
ρ(K) ⊂
∏
p+q=w
GL(V p,q).
Since the sesquilinear form Q in (2.0.5) is G0 invariant, one thus has
ρ(G0) = U (V ,Q).
Hence
ρ(K0) ⊂ ρ(G0 ∩ K) ⊂
∏
p+q=w
U (V p,q,hp,q) ⊂ U (V ,hV ).(2.0.6)
Note that E = P ×K V ≃ PH ×K0 V . We define the hermitian metric hE for E by setting
hE((p,u), (p,v)) := hV (u,v)
for any p ∈ PH and for any u,v ∈ V . Since ρ(K0) ⊂ U (V ,hV ), one can check as
Remark 2.6 that h is well-defined.
If (P |X−D, τ |X−D, PH ) is a principal variation of Hodge structures on X − D, the
connection DH := dH + τ + τH is flat. By construction, the connection DhE := dhE +
θ + θhE for E |X−D is also flat, where dhE is the Chern connection for the metrized
vector bundle (E,hE), and θhE is the conjugate of θ with respect to hE . Indeed, dhE is
naturally induced by dH , and θ = dρ(τ ), θhE = dρ(τH ). By [Sim88, p. 898], the triple
(E |X−D ,θ |X−D,hE) gives rise to a complex variation of Hodge structures on X −D. 
1As remarked by Simpson [Sim88], this is not automatic if K0 is not connected. However, in Exam-
ple 2.1, K0 is always connected, and thus such condition will be superfluous in that case.
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Conversely, one can associate a system of log Hodge bundles with a principal one
as follows. The following result shall be applied in the proof of Theorem A.
Proposition 2.10. Let (E,θ ) = (⊕p+q=wEp,q,θ ) be a system of log Hodge bundles on a
log pair (X ,D). Then there is a principal system of log Hodge bundles (P , τ ) with the
structure group K associated to (E,θ ), where K is the semi-simple Lie group in Exam-
ple 2.1. Moreover, any hermitian metric h := ⊕p+q=whp for E |X−D gives rise to a metric
reduction PH for P |X−D with the structure group K0 defined in Example 2.1.
Proof. We shall adopt the same notions as those in Example 2.1. Denote by rp :=
rankEp,q , r :=
∑
p+q=w rp and set ℓi :=
∑
p≥i ri . We consider the following frame
bundle P˜ . The fiber of P˜ over a point x is the set of all ordered bases e1, . . . , er (or say
frames) for Ex such that eℓp−rp+1, . . . , eℓp is a basis for E
p,q
x . The structure group of P˜
is thus
∏
pGL(rp ,C), which is the subgroup of GL(r ,C). P˜ can be equipped with the
holomorphic structure induced by E. Consider the homomorphism f : GL(r ,C) →
PGL(r ,C) =: G, and set K = P ( ∏pGL(rp ,C)) to be the image of∏p GL(rp,C) under
f . Set P to be the holomorphic K-fiber bundle obtained by extending the structure
group of
∏
pGL(rp ,C) using f .
Note that P ×K g−1,1 = ⊕i+j=wHom(Ei,j , Ei−1,j+1). Let us define τ := θ . The pair (P , τ )
is a principal system of log Hodge bundles on the log pair (X ,D).
Recall that themetrich for theHodge bundle (E,θ )|X−D is a direct sumh = ⊕p+q=whp .
We take a sesquilinear form Q of E defined by Q(u,v) := (√−1)p−qh(u,v) for u,v ∈
Ep,q . We take P˜H to be a reduction of P˜ |X−D consisting of unitary frames with respect
to Q . In other words, The fiber of P˜ over a point x is the set of frames e1, . . . , er for
Ex such that eℓp−rp+1, . . . , eℓp is an orthonormal basis for (Ep,qx ,hp). Hence the struc-
ture group of P˜H is K˜0 :=
∏
p+q=w U (rp ). Define K0 := P
( ∏
p+q=w U (rp)
)
, which is the
image f (K˜0). Set PH to be the smooth principal K0-fiber bundle on X − D obtained
by extending the structure group of P˜H using f : K → K0. Then PH ⊂ PX−D is also a
metric reduction. The Hodge group G0 will be PU (p0,q0) where p0 :=
∑
p even rp and
q0 :=
∑
p odd rp , and G := PGL(r ,C) is the complexification of G0. The proposition is
proved. 
3. Tannakian consideration
In this section, we shall state and prove the Simpson-Mochizuki correspondence for
principal systems of log Hodge bundles over projective log pairs. Its proof is based
on Proposition 1.16 together with some Tannakian considerations in [Sim90,Moc06,
Mau15].
Theorem 3.1. Let (X ,D) be a projective log pair endowed with an ample polarization
L. Let (P , τ ) be a principal system of log Hodge bundles on (X ,D), and let ρ be any
faithful Hodge representation ρ : G → GL(V ) for some polarized Hodge structure (V =
⊕i+j=wV i,j ,hV ). If the system of log Hodge bundles (E := P ×K V ,θ := dρ(τ )) defined in
Lemma 2.9 is µL-polystable with
∫
X
ch2(E) · c1(L)dimX−2 = 0, then there exists a metric
reduction PH for P |X−D so that the triple (P |X−D , τ |X−D, PH ) is a principal variation of
Hodge structures on X − D. Moreover, such PH together with the polarization hV for V
gives rise to a Hodge metric h for (E,θ )|X−D (defined in Lemma 2.9) which is adapted to
the trivial parabolic structure of (E,θ ).
Proof. We first prove that (E,θ )|X−D admits a Hodge metric h over (E,θ )|X−D which is
adapted to the trivial parabolic structure of (E,θ ). Since K is a complex semi-simple
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Lie group, the Hodge representation ρ′ : K → GL(detV ) induced by ρ has image
contained in SL(detV ) = 1. Hence ρ′ is trivial. Note that detE = P ×K detV , which
is thus a trivial line bundle on X . Hence c1(E) = 0. Since we assume that (E,θ ) is
µL-polystable with
∫
X
ch2(E) · c1(L)dimX−2 = 0, it follows from Proposition 1.16 that
(E,θ )|X−D admits a Hodge metric h over (E,θ )|X−D which is adapted to the trivial
parabolic structure of (E,θ ).
Let us now recall some Tannakian arguments. The representation ρ induces a rep-
resentation ρa,b : G → GL(T a,bV ) for any a,b ∈ N, where T a,bV := Hom(V ⊗a,V ⊗b ).
Since ρ is faithful, we can consider K as a reductive algebraic subgroup of GL(V ).
There is a one dimensional complex subspaceV1 ∈ T a,bV for some (a,b) ∈ N2 so that
K = {д ∈ GL(V ) | ρa,b(д)(V1) = V1}.(3.0.1)
Since K is reductive, there is a complementary subspace V2 of T
a,bV for V1 which is
invariant under K .
By Lemma 2.9, the Hodge representation ρa,b and (P , τ ) gives rise to a system of
log Hodge bundles (P ×K T a,bV ,θa,b := dρa,b(τ )) over (X ,D), which is nothing but
T a,b(E,θ ). Recall that ρa,b(K)(V1) = V1 and ρa,b(K)(V2) = V2. Consider the log Higgs
bundles (E1,θ1) := (P ×K V1,dρa,b(τ )) and (E2,θ2) := (P ×K V1,dρa,b(τ )) over (X ,D).
Note thatT a,b(E,θ ) = (E1,θ1)⊕(E2,θ2). By Theorem 1.10,T a,b(E,θ ) is µL-polystable
with
∫
X
c1(T a,b(E)) · c1(L)dimX−1 = 0 with respect to an arbitrary polarization L. Since
c1(T a,b(E)) = c1(E1)+c1(E2), by the polystability ofT a,b(E,θ ), we conclude that (E1,θ1)
and (E2,θ2) are both µL-polystable. By Proposition 1.16, each (Ei |X−D ,θi |X−D) admits
a harmonic metric hi which is adapted to the trivial parabolic structure of (Ei ,θi).
Moreover, h coincides with h1 ⊕ h2 up to some obvious ambiguity.
In the rest of the proof, any object which appears is restricted over X − D. Let us
first enlarge the structure group of P by defining PGL(V ) := P ×KGL(V ) via the faithful
representation ρ |K : K → GL(V ). This is the holomorphic principal (frame) bundle
associated to E. We can consider P = P ×K K ⊂ PGL(V ) as a (metric) reduction of
PGL(V ). The metric h for E gives rise to a reduction PU (E,h) of PGL(V ) with the structure
group U (V ,hV ). Indeed, note that
E = PGL(V ) ×GL(V ) V
and thus themetrich for E induces a family of hermitianmetricshe forV parametrized
by e ∈ PGL(V ). It has the obvious relation he ·д = д∗he for any д ∈ GL(V ). We define
PU (E,h) := {e ∈ PGL(V ) | he = hV }(3.0.2)
and it is obvious that if e ∈ PU (E,h), then e · д ∈ PU (E,h) if and only if д ∈ U (V ,hV ).
Hence the structure group of PU (E,h) is U (V ,hV ).
Let us define PH := P ∩ PU (E,h) whose structure group is U (V ,hV ) ∩ K ⊃ K0 by
(2.0.6). Since ρ is faithful, one has moreover U (V ,hV ) ∩ K = K0. Indeed, this easily
follows from that
K = {exp(
√
−1η)k | k ∈ K0,η ∈ k0 ⊂ Lie(U (h,hV ))}
and that √
−1k0 ∩ Lie(U (h,hV )) = {0}.
Obviously, if we follow Lemma 2.9 to define a new metric h′ for E by setting
h′((p,u), (p,v)) := hV (u,v)
for any p ∈ PH and for any u,v ∈ V , then
h′ = h(3.0.3)
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by (3.0.2). We shall prove that (P |X−D , τ |X−D, PH ) is a principal variation of Hodge
structures on X − D following the elegant arguments in [Mau15, Proposition 3.7].
LetA ∈ C∞(PGL(V ),T ∗PGL(V ) ⊗ gl(V )) be the Chern connection 1-form induced by the
Chern connection dh for (E,h). Since T a,b(E,h) = (E1,h1) ⊕ (E2,h2), by (3.0.1), when
we take a base point p ∈ P ⊂ PGL(V ), the holonomy Hol(p,γ ) with respect to the
connection A along any smooth loop γ based at π (p) lies at p · K , where we denote
π : P → X . Hence the restriction of A to P is 1-form with values in k. In other words,
A is induced by a connection on P .
On the other hand, by the definition of the Chern connection, A is also induced by
a connection on PU (E,h). Since k0 = k ∩ Lie(U (V ,hV )) where Lie(U (V ,hV )) denotes the
Lie algebra of U (V ,hV ), there is a connection A0 ∈ C∞(PH ,T ∗PH ⊗ k0) for the smooth
principalK0-fiber bundle PH := PU (E,h)∩P which inducesA. A0 is moreover the Chern
connection with respect to the reduction PH of P by the construction. Let us define
FH ∈ A 1,1(P ×K g) to be the curvature of the connection A0 + τ + τH . Recall that one
has θ = dρ(τ ) and θh = dρ(τH ). Hence
dρ(FH ) = (dh + θ + θh)2 = Fh(E) = 0(3.0.4)
where dh is the Chern connection for (E,h). Since ρ : G → GL(V ) is faithful, dρ :
g → End(V ) is thus injective. By (3.0.4) this implies that FH = 0. In conclusion,
(P |X−D, τ |X−D, PH ) is a principal variation of Hodge structures on X − D. 
As a consequence of Theorem 3.1, we can give a partial characterization of hermit-
ian symmetric spaces, which partially extends Simpson’s characterization of hermit-
ian symmetric spaces [Sim88, Theorem 2] to the log setting.
Corollary 3.2. Let (X ,D) be a projective log pair endowed with an ample polarization
L. Let (P , τ ) be a principal system of log Hodge bundles on (X ,D) so that the system of log
Hodge bundle (P×Kg,d(Ad)(τ )) via the faithful Hodge representationAd : G → GL(g) in
Example 2.8 is µL-polystable with c2(P ×K g) = 0. Then there is a metric reduction PH for
P |X−D so that the triple (P |X−D, τ |X−D, PH) is a principal variation of Hodge structures
on X − D. When (P , τ ) is further assumed to be a uniformizing bundle, the period map
f : X − D → G0upslopeK0 defined in (2.0.2) from the universal cover X − D of X − D to the
hermitian symmetric space G0upslopeK0 is locally biholomorphic.
We further conjecture that the above period map is moreover an isomorphism,
namely, the universal cover of X − D is the hermitian symmetric space.
4. Uniformization of qasi-projective manifolds by unit balls
This section is devoted to the proof of Theorem A. In § 4.2 we shall prove a basic
result for the extension of plurisubharmonic functions. This lemma will be used in
the proof of Theorem A. We shall also give an application of this fact in Hodge the-
ory: we can give a much simpler proof of the negativity of kernel of Higgs fields for
tame harmonic bundles originally proven by Brunebarbe [Bru17] (see also [Zuo00]
for systems of log Hodge bundles). With all the tools developed above, we are able to
prove Theorem A in § 4.3.
4.1. Adaptedness to log order and acceptable metrics. We recall some notions
in [Moc07, §2.2.2]. Let X be a C∞-manifold, and E be a C∞-vector bundle with a
hermitian metric h. Let v = (v1, . . . ,vr ) be a C∞-frame of E. We obtain the H(r )-
valued function H(h, v),whose (i, j)-component is given by h(vi ,vj).
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Let us consider the case X = ∆n, and D =
∑ℓ
i=1 Di with Di = (zi = 0). We have the
coordinate (z1, . . . , zn). Let h, E and v be as above.
A frame v is called adapted up to log order, if the following inequalities hold over
X − D
C−1(−
ℓ∑
i=1
log |zi |)−M ≤ H(h, v) ≤ C(−
ℓ∑
i=1
log |zi |)M
for some positive numbersM and C.
Definition 4.1. Let (X ,D) be a log pair, and let E be a holomorphic vector bundle on
X . A hermitian metric h for E |X−D is adapted to log order if for any point x ∈ D, there
is an admissible coordinate (U ; z1, . . . , zn), a holomorphic frame v for E |U which is
adapted up to log order.
Definition 4.2 (Acceptable metric). Let (X ,D) be a log pair and let (E,θ ) be a log
Higgs bundle over (X ,D). We say that the metric h for E |X−D is acceptable at p ∈ D,
if the following holds: there is an admissible coordinate (U ; z1, . . . , zn) around p, so
that the norm |Fh |h,ωP ≤ C for some C > 0 over U − D. When (E,θ ,h) is acceptable
at any point p of D, it is called acceptable. Such triple (E,θ ,h) is called an acceptable
bundle on (X ,D).
One can easily check that acceptable metrics and adaptedness to log order defined
above are invariant under bimeromorphic transformations.
Lemma 4.3. Let (X ,D) be a log pair, and let µ : X˜ → X be a bimeromorphic morphism
so that µ−1(D) = D˜. For a log Higgs bundle (E,θ ) over (X ,D), one can define a log Higgs
bundle (E˜, θ˜ ) on (X˜ , D˜) by setting E˜ = µ∗E and θ˜ to be the composition
µ∗E
µ∗θ−−→ µ∗(E ⊗ Ω1X (logD)) → µ∗E ⊗ Ω1X˜ (log D˜).
If the metric h for (E,θ )|X−D is acceptable or adapt to log order, so is the metric µ∗h for
(E˜, θ˜)|X˜−D˜ .
Proof. Since this is a local statement, we work on the local models. Pick a point x˜ ∈ D˜
with an admissible coordinate (U ; z1, . . . , zn) with D˜ = (z1 · · · zℓ = 0) locally and take
an admissible coordinate (V ;y1, . . . ,yn) for µ(x˜) with D = (y1 · · ·ym = 0) such that
µ(U ) ⋐ V . Then for i = 1, . . . ,m, µ∗yi =
∏ℓ
j=1 z
ai j
j with aij ∈ Z≥0 and
∑ℓ
j=1 aij > 0.
One has
µ∗ log(−|yi |2) =
ℓ∑
j=1
2aij log(−|zj |2).
Therefore, if h is adapted to log order, so is µ∗h.
Let ω1 and ω2 be Poincaré metrics on U and V . One can easily show that
Cω1 ≥ µ∗ω2(4.1.1)
for some constant C > 0. Note that
µ∗Fh(E) = Fh˜(E˜)
Hence
|Fh˜(E˜)|2h˜,ω1 = |µ
∗Fh(E)|2µ∗h,ω1 ≤
1
C
|µ∗Fh(E)|2µ∗h,µ∗ω2 = µ
∗ 1
C
|Fh(E)|2h,ω2
In conlusion, if the metric h for (E,θ )|X−D is acceptable, so is the metric µ∗h for
(E˜, θ˜)|X˜−D˜ . 
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4.2. Extension of psh functions and negativity of kernel of Higgs fields. In
this subsection we shall prove a result on the extension of plurisubharmonic (psh for
short) functions, whichwill be used in the proof of TheoremA and Proposition 5.6. As
a byproduct, we give a very simple proof of the negativity of kernels of Higgs fields
of tame harmonic bundles by Brunebarbe [Bru17, Theorem 1.3], which generalizes
the earlier work by Zuo [Zuo00] for system of log Hodge bundles.
Lemma 4.4. Let X = ∆n, and D =
∑ℓ
i=1 Di with Di = (zi = 0). Let φ be a psh function
on X ∗. We assume that for any δ > 0, there is a positive constantCδ so that
φ(z) ≤ δ
ℓ∑
j=1
(− log |zj |2)) +Cδ
on X ∗. Then φ extends uniquely to a psh function on X .
Proof. Defineφε := φ+ε
∑ℓ
j=1(log |zj |2) for any ε > 0. Then for each ε > 0, φε is locally
bounded from above, which thus extends to a psh φ˜ε on the whole X by the well-
known fact in pluripotential theory. By the maximum principle, for any 0 < r < 1,
there is a point ξε ∈ S(0, r ) × · · · S(0, r ) so that
sup
z∈∆(0,r )×···×∆(0,r )
φε (z) ≤ φε (ξε ) ≤ φ(ξε)
where S(0, r ) := {z ∈ ∆ | |z | = r }. Note that the compact set S(0, r ) × · · · S(0, r ) is
contained in X − D. Since φ is psh on X − D, there exists z0 ∈ S(0, r ) × · · · S(0, r ) so
that
sup
z∈S(0,r )×···S(0,r )
φ(z) ≤ φ(z0) < +∞.
Hence φε is uniformly locally bounded from above.
We define the upper envelope
φ˜ := sup
ε>0
φ˜ε ,
and define the upper semicontinuous regularization of φ˜ by
φ˜⋆(x) := lim
δ→0+
sup
B(x,δ )
φ˜(z).
where B(x, δ ) is the unit ball of radius δ centered at x . Then by the well-known result
in pluripotential theory [Dem12b, Chapter 1, Theorme 5.7], φ˜⋆ is a psh function on
X . By our construction, φ˜⋆(z) = φ(z) on X − D. This proves our result. 
A direct consequence of the above lemma is the following extension theorem of
positive currents.
Lemma 4.5. Let (X ,D) be a log pair and let L be a line bundle on X . Assume that h is
a smooth hermitian metric for L|X−D , which is adapted to log order. Assume further that
the curvature form
√−1Rh(L|X−D) ≥ 0. Then h extends to a singular hermitian metric
h˜ for L with zero Lelong numbers so that the curvature current
√−1Rh˜(L) is closed and
positive. In particular, L is a nef line bundle.
Let us show how to apply Lemma 4.4 to reprove the negativity of kernels of Higgs
fields of tame harmonic bundles.
Theorem 4.6 (Brunebarbe). LetX be a compact Kähler manifold and let D be a simple
normal crossing divisor on X . Let (E,θ ,h) be a tame harmonic bundle on X − D, and
let (⋄E,θ ) be the prolongation defined in § 1.3. Let F be any saturated subsheaf of ⋄E
which lies in the kernel of the Higgs field θ : ⋄E → ⋄E ⊗ Ω1X (logD), namely θ (F ) = 0.
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Then the singular hermitian metric h |F for F , is semi-negatively curved in the sense
of [PT18, Definition 2.4.1]. The dual F ∗ of F is weakly positive over X ◦ in the sense of
Viehweg, where X ◦ ⊂ X is the Zariski open set so that F |X ◦ → ⋄E |X ◦ is a subbundle. In
particular, F ∗ is a nef vector bundle, when F is a subbundle of ⋄E lying in the kernel of
θ .
Proof. By [PT18, Definition 2.4.1], it suffices to prove that for any open setU and any
s ∈ F (U ), log |s |2
h
extends to a psh function on U . Pick any point x ∈ D. By the defi-
nition of ⋄E in (1.3.1), for any δ > 0, there are an admissible coordinate (U ; z1, . . . , zn)
centered at x , and a positive constant Cδ so that
log |s |2h ≤ δ
ℓ∑
j=1
(− log |zj |2)) +Cδ
on U − D. Recall that Rh(E) + [θ ,θh] = Fh(E) = 0. We have
√
−1∂∂ log |s |2h = −
√−1{Rh(E)s, s}
|s |2
h
+
√−1{∂hs, ∂hs}
|s |2
h
−
√
−1 {∂hs, s}|s |2
h
∧ {s, ∂hs}|s |2
h
≥ −
√−1{Rh(E)s, s}
|s |2
h
= −
√−1{θs,θs}
|s |2
h
−
√−1{θhs,θhs}
|s |2
h
= −
√−1{θhs,θhs}
|s |2
h
≥ 0.
overX −D. Hence log |s |2
h
is a psh function onX −D. By Lemma 4.4, we conclude that
log |s |2
h
extends to a psh function on U . This proves that (F ,h) is negatively curved
in the sense of Păun-Takayama.
The metrich induces a negatively curved singular hermitian metrich1 (in the sense
of [PT18, Definition 2.2.1]) on the subbundle F |X ◦ . Since h is adapted to log order, h1
induces a singular metrich2 for the line bundle OP(F ∗ |X◦ )(1)with zero Lelong numbers
so that
√−1Rh2(OP(F ∗ |X◦ )(1)) ≥ 0. Note that X − X ◦ is a codimension at least two
subvariety. The second statement then follows from Hörmander’s L2-techniques in
[PT18, Proof of Theorem 2.5.2]. 
Remark 4.7. In [Zuo00] Zuo proved the above statement when (E,θ ,h) is moreover a
system of log Hodge bundles with unipotent monodromies around the boundary (see
also [FF17] for a refined result). Theorem 4.6 is proved by Brunebarbe in [Bru17].
Both their proofs made use of the monodromy filtration to obtain a precise estimate
of the Hodge metric so that they can show that log |s |2
h
is locally bounded from above
near D. Here we give a much more simplified proof which uses the very definitions
of tame harmonic bundles and the prolongation of the tame harmonic bundles.
4.3. Characterization of non-compact ball quotient. Let us state and prove our
first main theorem in this paper.
Theorem 4.8. Let X be an n-dimensional complex projective manifold and let D be a
simple normal crossing divisor on X . Let L be an ample polarization on X . For the log
Hodge bundle (Ω1X (logD) ⊕ OX ,θ ) on (X ,D) with θ defined in (0.1.1), we assume that
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it is µL-polystable. Then one has the following inequality(
2c2(Ω1X (logD)) −
n
n + 1
c1(Ω1X (logD))2
) · c1(L)n−2 ≥ 0.(4.3.1)
When the above equality holds,
(i) if D is smooth, then the universal coverX − D ofX −D is the complex unit ball Bn ;
in other words, there is a torsion free lattice Γ ∈ PU (n, 1) so that X − D ≃ BnupslopeΓ.
(ii) ifD is not smooth, then there exists a hermitianmetricω forTX (− logD)|X−D which
is adapted to log order in the sense of Definition 4.1 and there exists a holomorphic
map (X − D,u∗ω) → (Bn,hBn ) which is a local isometry and a local biholomor-
phism. Here hBn is the Bergman metric for Bn, and u : X − D → X − D is the
uniformizing map.
In both cases, KX + D is big, nef and ample over X − D.
Proof. Denote the log Hodge bundle (E,θ ) = (E1,0 ⊕ E0,1,θ ) by
E1,0 := Ω1X (logD), E0,1 := OX .
By [Moc06, Theorem 6.5] we have the following Bogomolov-Gieseker inequality for
(E,θ ) (
2c2(Ω1X (logX )) −
n
n + 1
c1(Ω1X (logD))2
) · c1(L)n−2 =(4.3.2) (
2c2(E) −
rank E − 1
rank E
c1(E)2
) · c1(L)n−2 ≥ 0
This shows the desired inequality (4.3.1).
The rest of the proof will be divided into three steps. In Step 1, we shall construct
a uniformizing variation of Hodge structures on X − D so that the corresponding
period map defined in (2.0.2) induces a holomorphic map (so-called period map in
Remark 2.6) from the universal cover of X −D to Bn which is locally biholomorphic.
By (2.0.4), this period map is moreover an isometry if we equip X −D with hermitian
metric induced by the Hodge metric. This proves Theorem 4.8.(ii). In Step two we will
prove that, when D is smooth, the hermitian metric on X − D induced by the Hodge
metric is complete. Together with arguments in Remark 2.6, this proves that the above
period map is indeed a biholomorphism. In Step three we shall prove Theorem 4.8.(ii)
and the positivity of KX + D.
Step 1. By Proposition 2.10, there is a canonical principal system of log Hodge bundles
(P , τ ) on (X ,D) with the structure group K = P(GL(V 1,0) ×GL(V 0,1)), and the Hodge
group G0 = PU (n, 1). Here (V = V 1,0 ⊕ V 0,1,hV ) is a polarized Hodge structure
with rankV 1,0 = n and rankV 0,1 = 1. For the complexified group G = PGL(V ) of
G0, there is a faithful representation ρ : G → GL(V ⊗ V ∗), which is moreover a
Hodge representation in the sense of Definition 2.7 when we equipV ⊗V ∗ the induced
polarized Hodge structure from (V = V 1,0 ⊕ V 0,1,hV ).
By Lemma 2.9, suchHodge representation ρ induces a system of log Hodge bundles
(P×ρ(V⊗V ∗),dρ(τ )) over (X ,D). By our construction, this system of log Hodge bundle
is nothing but (End(E),θEnd(E)). An easy computation shows that c1(End(E)) = 0, and
ch2(End(E)) = −2rank E · c2(E) + (rank E − 1)c1(E)2
= nc21(KX + D) − 2(n + 1)c2(Ω1X (logD)) = 0
since the equality in (4.3.2) holds by our assumption. Since we assume that (E,θ )
is µL-polystable, by Theorem 1.11, (End(E),θEnd(E)) is also µL-polystable. We now
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apply Proposition 1.16 to find a Hodge metric h for the system of log Hodge bun-
dle (End(E)|X−D ,θEnd(E) |X−D) which is adapted to the trivial parabolic structure of
(End(E),θEnd(E)). Using the Tannakian arguments in Theorem 3.1, we conclude that h
induces a reduction PH for P |X−D with the structure groupK0 = P(U (n)×U (1)) ≃ U (n),
which is compatible with h such that (P |X−D, τ |X−D, PH) is a principal variation of
Hodge structures on X − D. Note that
TX (− logD) τ−→ P ×K g−1,1 = Hom(E1,0, E0,1) ≃ Hom(Ω1X (logD),OX )
is an isomorphism. Hence (P |X−D, τ |X−D, PH ) is moreover a uniformizing variation of
Hodge structures over X −D in the sense of Definition 2.5. By Remark 2.6, it gives rise
to a holomorphic map, the so-called period map,X − D → G0upslopeK0 = PU (n, 1)upslopeU (n) ≃ Bn(4.3.3)
defined in (2.0.2), which is locally biholomorphic. Here X − D is the universal cover of
X − D.
Note that the reduction PH together with the hermitian metric hg in (2.0.1) gives
rise to a natural metric hH over P ×K g−1,1 |X−D defined in (2.0.3). By Remark 2.6 again,
if the pull back τ ∗hH is a complete metric on X − D, then X − D is uniformized by
G0upslopeK0
=
PU (n, 1)upslopeU (n) which is the complex unit ball of dimension n, denoted by Bn .
The rest of the proof is devoted to show the completeness of τ ∗hH .
From the following commutative diagram
G = PGL(V )
GL(V ) GL(gl(V ))
ρ
Ad
p
and the fact that sl(V ) is invariant under Adд for any д ∈ GL(V ), we conclude that
g = sl(V ) is an invariant subspace under ρ(д) for any д ∈ G. Hence for the adjoint
representation
G
Ad−→ GL(g) = GL(sl(V )),
one has
ρ(д)|g = Adд ∈ GL(g).
Therefore, we have the following commutative diagram
(4.3.4)
Hom(E1,0, E0,1) End(E)⊥ End(E)
P ×K g−1,1 P ×K g P ×ρ gl(V )
j
where End(E)⊥ is the trace-free subbundle of End(E).
It follows from (3.0.3) that the Hodge metric h for (End(E)|X−D ,θEnd(E) |X−D) ≃ (P ×ρ
(V ⊗ V ∗),dρ(τ )) can be redefined via the reduction PH together with the hermitian
metric hEnd(V ) of End(V ) induced by (V ,hV ) as in (2.0.3). Recall that in Example 2.1,
for the natural inclusion ι : g ֒→ gl(V ), one has hg = 2(n + 1) · ι∗hEnd(V ). By (4.3.4),
one has
2(n + 1)j∗h = hH ,
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where we recall that hH is the metric over P ×K g−1,1 |X−D induced by the reduction
PH together with the hermitian metric hg in (2.0.1). It now suffices to show that τ
∗h
is complete if we want to prove thatX −D is uniformized by Bn . In next step, we will
apply similar ideas by Simpson [Sim90, Corollary 4.2] to prove this. Note that until
now we made no assumption on the smoothness of D.
Step 2. Throughout Step 2, we will assume that D is smooth. Consider now the
log Higgs bundle (E,η) := (End(E),θEnd(E)). We first mention that the above Hodge
metric h for (E,η)|X−D is adapted to log order in the sense of Definition 4.1. Indeed, it
follows from [Moc02, Corollary 4.9] that the eigenvalues of monodromies of the flat
connection D := ∂h + ∂¯ + η + ηh around the divisor D are 1. By the “weak” norm
estimate in [Moc02, Lemma 4.15], we conclude that h is adapted to log order2.
We first give an estimate for τ ∗h. For any point x ∈ D, consider an admissible
coordinates (U ; z1, . . . , zn) centered at x as Definition 1.3 so that D ∩ U = (z1 = 0).
To distinguish the sections of Higgs bundles and log forms, we write e1 := d log z1
and ei = dzi for i = 2, . . . ,n. Denote by e0 = 1 the constant section of OX . Let us
introduce a new metric h˜ on (E,θ )|U ∗ as follows.
|e1 |2
h˜
:= (− log |z1 |2)
〈ei , ej〉h˜ := 0 for i , j;
|ei |2
h˜
:= 1 for i = 2, . . . ,n;
|e0 |2
h˜
:= (− log |z1 |2)−1
Within this basis {e1, . . . , en, e0}, θ can be expressed as
θ =

0 · · · 0 0
...
. . .
...
...
0 · · · 0 0
d log z1 · · · dzn 0

Denote byH := (hij)0≤i,j≤n the metric matrix of h˜ with respect to the above basis. One
has
θh = H
−1
θ ∗H =

0 · · · 0 h−111h00dz¯1z¯1
...
. . .
...
...
0 · · · 0 h−1nnh00dz¯n
0 · · · 0 0

(4.3.5)
2Indeed, a strong norm estimate has already been obtained by Cattani-Kaplan-Schmid in [CKS86].
Herewe only need to know thath is adapted to log order, which is a bit easier to obtain using Andreotti-
Vesentini type results by Simpson [Sim90] and Mochizuki [Moc02, Lemma 4.15].
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Hence for 2 ≤ i ≤ j ≤ n, one has
[θ ,θh]11 = h−111h00
dz¯1
z¯1
∧ dz1
z1
[θ ,θh]ij = h−1ii h00dz¯i ∧ dzj
[θ ,θh]i1 = h−1ii h00dz¯i ∧
dz1
z1
[θ ,θh]1i = h−111h00
dz¯1
z¯1
∧ dzi
[θ ,θh]00 = h−111h00
dz1
z1
∧ dz¯1
z¯1
+
n∑
i=2
h−1ii h00dzi ∧ dz¯i .
Write Fh˜(E) := Fh˜(E)kj ⊗ e∗j ⊗ ek . Then for i, j = 2, . . . ,n, one has
Fh˜(E)11 = Fh˜(E)10 = Fh˜(E)01 = Fh˜(E)0i = Fh˜(E)j0 = 0
Fh˜(E)ij = (− log |z1 |2)−1dz¯i ∧ dzj
Fh˜(E)1i =
1
(− log |z1 |2)2z¯1
dz¯1 ∧ dzi
Fh˜(E)i1 =
1
(− log |z1 |2)z1
dz¯i ∧ dz1
Fh˜(E)00 =
n∑
i=2
(− log |z1 |2)−1dzi ∧ dz¯i .
In conclusion, there is a constant C1 > 0 so that one has
|Fh˜(E)|2h,ωe =
∑
0≤j,k≤n
|Fh˜(E)kj ⊗ e∗j ⊗ ek |2h,ωe ≤
C1
(− log |z1 |2)3 |z1 |2
(4.3.6)
overU ∗(12 ) (notation defined in Definition 1.3), whereωe =
√−1∑ni=1 dzi∧dz¯i denotes
the Euclidean metric on U ∗.
We abusively denote by h˜ the induced metric on (E,η)|U ∗ := (End(E),θEnd(E))|U ∗ ,
which is adapted to log order on (U ,D ∩ U ) in the sense of Definition 4.1 by our
construction. Then
F
h˜
(E) = F
h˜
(E) ⊗ 1E∗ + 1E ⊗ Fh˜∗(E∗)
= F
h˜
(E) ⊗ 1E∗ − 1E ⊗ Fh˜(E)†
where Fh˜(E)† is the transpose of Fh˜(E). Hence
Fh˜(E)(ei ⊗ e∗j ) =
∑
k ,ℓ
(δjℓFh˜(E)ik − δikFh˜(E)ℓj )(ek ⊗ e∗ℓ )
for 0 ≤ i, j,k, ℓ ≤ n. It then follows from (4.3.6) that
|F
h˜
(E)|2h,ωe ≤
C2
(− log |z1 |2)3 |z1 |2
(4.3.7)
overU ∗(12 ) for some constantC2 > 0. Consider the identity map s for E, which can be
seen as a holomorphic section of End(E, E). We denote by (F ,Φ) := (End(E, E),ηEnd(E))
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the induced Higgs bundle by (E,η). Note that for any section e of E, one has
0 = (∂¯E + η)(s(e)) − s
((∂¯E + η)(e))
=
((∂¯F + Φ)(s))(e)
= Φ(s)(e).
Hence
Φ(s) = 0.(4.3.8)
We equip F |U ∗ with the metric hF := h˜ ⊗ h∗, where h is the harmonic metric con-
structed in Step one. Note that
FhF(F ) = Fh˜(E) ⊗ 1E∗ + 1E ⊗ Fh∗(E∗)
= Fh˜(E) ⊗ 1E∗
By (4.3.6), there is a constant C0 > 0 so that one has
|FhF(F )|hF,ωe ≤
C0
(− log |z1 |2) 32 |z1 |
(4.3.9)
overU ∗(12 ). Then
√
−1∂∂ log |s |2hF = −
√−1{RhFs, s}
|s |2
hF
+
√−1{∂hFs, ∂hFs}
|s |2
hF
−
√
−1 {∂hFs, s}|s |2
hF
∧ {s, ∂hFs}|s |2
hF
≥ −
√−1{RhFs, s}
|s |2
hF
= −
√−1{Φs,Φs}
|s |2
hF
−
√−1{ΦhFs,ΦhFs}
|s |2
hF
+
√−1{FhF (F )s, s}
|s |2
hF
= −
√−1{ΦhFs,ΦhFs}
|s |2
hF
+
√−1{FhF (F )s, s}
|s |2
hF
≥
√−1{FhF (F )s, s}
|s |2
hF
.
Here the second inequality is due to Cauchy-Schwarz inequality, and the fourth one
follows from (4.3.8). For any ξ = (ξ2, . . . , ξn) with 0 ≤ ξ2, . . . , ξn ≤ 12 , we define a
smooth function fξ over ∆
∗ parametrized by ξ by
fξ (z1) := log |s |2hF (z1, ξ2, . . . , ξn).
Then the above inequality together with (4.3.9) implies that
∆fξ ≥ −|FhF(F )| ≥ −
C0
(− log |z1 |2) 32 |z1 |
=: φ
where C0 is some uniform constant which does not depend on ξ . Note that
‖φ‖L2 :=
∫
0< |z1 |< 12
|φ(z1)|2dz1dz¯1 < C4(4.3.10)
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for some constant C4 > 0. For any fixed 0 ≤ ξ2, . . . , ξn ≤ 12 , consider the Dirichlet
problem {
ϕ = fξ on {z1 | |z1 | = 12}
∆ϕ = φ on {z1 | 0 < |z1 | < 12}
(4.3.11)
By (4.3.10) and the elliptic estimate, one has
sup
0< |z1 |< 12
|ϕ(z1)| ≤ C5(‖φ‖L2 + sup
|z1 |= 12
fξ ).(4.3.12)
over {z1 | 0 < |z1 | < 12} for some uniform constant C5 which does not depending on
ξ . Hence ∆(fξ −ϕ) ≥ 0 over {z1 | 0 < |z1 | < 12}. Since both h and h˜ are adapted to log
order, so is hF . Hence there is a constant C6 > 0 so that
log |s |2hF ≤ C6 log(−
ℓ∑
i=1
log |zi |)
overU ∗(12 ). By Lemma 4.4, we conclude that fξ −ϕ extends to a subharmonic function
on {z1 | |z1 | < 12}. Note that fξ (z1) − ϕ(z1) = 0 when |z1 | = 12 . Hence by maximum
principle,
fξ (z1) ≤ ϕ(z1)
for any 0 < |z1 | < 12 . Let
C7 := sup
|z1 |= 12 ,0≤ξ2,...,ξn≤ 12
fξ (z1)
which is finite. By (4.3.10) and (4.3.12), we have
sup
0< |z1 |< 12 ,0≤z2,...,zn≤ 12
log |s |2hF (z1, . . . , zn) ≤ C5(C4 +C7).
This implies that h ≥ C8 · h˜ overU ∗(12 ) for some constant C8 > 0. By (4.3.7), one has
|Fh˜∗(E∗)|2h∗,ωe ≤
C0
(− log |z1 |2)3 |z1 |2
.
Hence if we use the metric h ⊗ h˜∗ for F and do the same proof, we can prove that
h ≤ C9 · h˜ over U ∗(12 ) for some constant C9 > 0. Therefore, h˜ and h are mutually
bounded on U ∗(12 ). By
τ (z1 ∂
∂z1
) = e∗1 ⊗ e0(4.3.13)
τ ( ∂
∂zj
) = e∗j ⊗ e0 for j = 2, . . . ,n,(4.3.14)
we obtain the norm estimate for the metric
τ ∗h ∼ τ ∗h˜ =
√−1dz1 ∧ dz¯1
|z1 |2(log |z1 |2)2
+
n∑
k=2
√−1dzk ∧ dz¯k
− log |z1 |2
(4.3.15)
Though τ ∗h is strictly less than the Poincaré metric near D, one can easily prove that
it is still a complete metric. Therefore, the hermitian metric τ ∗hH = 2(n + 1) · τ ∗h on
X −D is also complete. Based on Remark 2.6, we conclude that X −D is uniformized
by the complex unit ball of dimension n. We accomplish the proof of Theorem 4.8.(i).
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Step 3. Assume now D is not smooth. Since h is adapted to log order, by (4.3.13)
and (4.3.14), the metric ω := τ ∗h for TX (− logD)|U is also adapted to log order. Theo-
rem 4.8.(ii) follows from (2.0.2) immediately.
Let us show that KX + D is big, nef and ample over X − D. Note that the metric
detω−1 for (KX + D)|U is adapted to log order, and that
Rdetω−1((KX + D)|U ) = (n + 1)ω .
By Lemma 4.5, the hermitian metric detω−1 extends to a singular hermitian metric
hKX+D forKX+D with zero Lelong numbers. HenceKX+D is nef. Since
√−1RhKX +D (KX+
D) > 0 on X −D, KX +D is thus big and ample over X −D. We finish the proof of the
theorem. 
Remark 4.9. Note that the asymptotic behavior of the metric (4.3.15) is exactly the
same as that of the Kähler-Einstein metric for the ball quotient near the boundary of
its toroidal compactification (see [Mok12, eq. (8) on p. 338]). This is indeed the hint
for our construction of h˜.
We conjecture that one cannot expect the period map X − D → Bn in Theo-
rem 4.8.(ii) to be isomorphic. Let us provide some evidence in Proposition 4.11.
Let us first begin with the following lemma.
Lemma 4.10. Let Y be the toroidal compactification of the ball quotientU := B
n
upslopeΓ by
a torsion free lattice Γ ⊂ PU (n, 1) whose parabolic isometries are all unipotent. Then for
any other smooth compactification X of U , the identity map of U extends to a unique
birational morphism f : X → Y .
Proof. By the big Picard theorem proved in [Den20]3, the identity map of U extends
to a unique birational map f : X d Y . It suffices to show that f is regular. Assume
by contradiction that f is not regular. One can take a resolution of indeterminacy
µ : X˜ → X for f so that µ |µ−1(U ) : µ−1(U )
∼−→ U is an isomorphism and
X˜ X
Y
µ
f˜ f
Let Z ⊂ X − U be the exceptional locus of µ. By the rigidity result (see [Deb01,
Chapter 3, Lemma 1.15]), there is at least one fiber µ−1(z) with z ∈ Z which cannot
be contracted by f˜ . Since such fiber µ−1(z) is uniruled, f˜ (µ−1(z)) ⊂ Y −U contains at
least one rational curve. The contradiction is obtained since Y −U is a disjoint union
of Abelian varieties by [AMRT10,Mok12], which contains no rational curves. 
We are ready to prove the following rigidity result for toroidal compactification.
Loosely speaking, the toroidal compactification for ball quotient is the unique smooth
compactification so that the Kähler-Einstein metric for the log tangent bundle exten-
sion is adapted to log order.
Proposition 4.11 (Rigidity of toroidal compactification). Let U := B
n
upslopeΓ be an n-
dimensional ball quotient by a torsion free lattice Γ ⊂ PU (n, 1) whose parabolic isome-
tries are all unipotent. Let X be any smooth compactification of U so that D := X −U
is a simple normal crossing divisor. If the Kähler-Einstein metric ω for TX (− logD)|U is
adapted to log order in the sense of Definition 4.1, then X must be the toroidal compact-
ification ofU .
3When the lattice is arithmetic, it follows from classical results by Borel.
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Proof. By [AMRT10,Mok12], the toroidal compactification Y forU is smooth projec-
tive so that the boundary A := A1 ⊔ · · · ⊔ Am is a disjoint union of Abelian varieties
A1, . . . ,Am . By Lemma 4.10, the identity map of U extends to a birational morphism
µ : X → Y . Assume by contradiction that µ is not the identity map. Then there are
at least one component of A, say A1, and an irreducible exceptional divisor D1 ⊂ D
of µ so that µ(D1) ⊂ A1. We can take admissible coordinates (W; z1, . . . , zn) and
(U;w1, . . . ,wn) centered at some well-chosen x ∈ D1 and y ∈ A1 respectively so
that µ(W) ⊂ U. Moreover, within these coordinates, D ∩ W = {z1 = 0}, and
A1 ∩U = A∩U = {w1 = 0}. Denote by (µ1(z), . . . , µn(z)) the expression of µ within
these coordinates. Then
(µ1(z), . . . , µn(z)) = (zm11 ν1(z), . . . , zmk1 νk(z), µk+1, . . . , µn)
where ν1(z), . . . ,νk(z) are holomorphic functions defined onW so that νi(z) , 0 and
mi ≥ 1 for i = 1, . . . ,k . Since D1 is exceptional, one has k ≥ 2. By the norm estimate
in [Mok12, eq. (8) on p. 338], the Kähler-Einsteinmetricω forTY (− logA)|U is adapted
to log order. Since
µ∗d logw2 =m2d log z1 + d logν2(w),
one thus has the following norm estimate
|d log z1 |2ω−1 ≥
1
m22
µ∗ |d logw2 |2ω−1 −
1
m22
µ∗ |dν2
ν2
|2
ω−1 ≥
C(− log |z1 |2)
|z1 |2m2
for some constants C > 0. Since d log z1 is a local nowhere vanishing section for
Ω
1
X (logD), we conclude that the metric ω−1 for Ω1X (logD)|U is not adapted to log
order, and so is ω for TX (− logD)|U . The contradiction is obtained. Hence µ is the
identity map. 
The above proposition shows that, if the periodmapX − D → Bn in Theorem4.8.(ii)
is isomorphic, then the parabolic isometries of the fundamental group π1(X − D) ⊂
PU (n, 1) cannot be all unipotent. We thus strongly believe that the condition of
smoothness of D in Theorem A is superfluous in the characterization of non-compact
ball quotient.
5. Higgs bundles associated to toroidal compactification of ball qotients
In this section, we will prove Theorem B. §§ 5.1 and 5.2 are technical preliminaries.
In § 5.3 we prove that a log Higgs bundle (E,θ ) on a compact Kähler log pair is slope
polystable with respect to some polarization by big and nef cohomology (1, 1)-class,
if (E,θ ) admits a Hermitian-Yang-Mills metric with “mild singularity” at the bound-
ary divisor. In § 5.4 we use the Bergman metric for quotients of complex unit balls
by torsion free lattices to construct such Hermitian-Yang-Mills metric. This proves
Theorem B.
5.1. Notions of positivity for curvature tensors. We recall some notions of pos-
itivity for Higgs bundles in [DH19, §1.3].
Let (E,θ ) be a Higgs bundle endowed with a smooth metric h. For any x ∈ X , let
e1, . . . , er be a frame of E at x , and let e
1, . . . , er be its dual in E∗. Let z1, . . . , zn be a
local coordinate centered at x . We write
Fh(E) = Rh(E) + [θ ,θh] = Rβjk¯αdzj ∧ dz¯k ⊗ e
α ⊗ eβ
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Set Rjk¯α β¯ := hγ β¯R
γ
jk¯α
, where hγ β¯ = h(eγ , eβ). Fh(E) is called Nakano semi-positive at x
if ∑
j,k ,α ,β
Rjk¯α β¯u
jαukβ ≥ 0
for any u =
∑
j,α u
jα ∂
∂z j
⊗ eα ∈ (T 1,0X ⊗ E)x . (E,θ ,h) is called Nakano semipositive if
Fh(E) is Nakano semi-positive at every x ∈ X . When θ = 0, this reduces to the same
positivity concepts in [Dem12b, Chapter VII, §6] for vector bundles.
We write
Fh(E) ≥Nak λ(ω ⊗ 1E) for λ ∈ R
if ∑
j,k ,α ,β
(Rjk¯α β¯ − λωjk¯hαβ¯)(x)u jαukβ ≥ 0
for any x ∈ X and any u = ∑j,α u jα ∂∂z j ⊗ eα ∈ (T 1,0X ⊗ E)x .
Let us recall the following lemma in [DH19, Lemma 1.8].
Lemma 5.1. Let (E,θ ,h) be a Higgs bundle on a Kähler manifold (X ,ω). If there is a
positive constant C so that |Fh(x)|h,ω ≤ C for any x ∈ X , then
Cω ⊗ 1E ≥Nak Fh ≥Nak −Cω ⊗ 1E
The following easy fact in [DH19, Lemma 1.9] will be useful in this paper.
Lemma 5.2. Let (E1,θ2,h1) and (E2,θ2,h2) are two metrized Higgs bundles over a Käh-
ler manifold (X ,ω) such that |Fh1(x)|h1,ω ≤ C1 and |Fh2(x)|h2,ω ≤ C2 for all x ∈ X . Then
for the hermitian vector bundle (E1 ⊗ E2,h1h2), one has
|Fh1⊗h2(x)|h1⊗h2,ω ≤
√
2r2C
2
1 + 2r1C
2
2
for all x ∈ X . Here ri := rankEi .
5.2. Some pluripotential theories. In this subsection we recall some results of
deep pluripotential theories in [BEGZ10, Gue14]. The results in this subsection will
be used in the proof of Proposition 5.6. Let us first recall the definitions of big or nef
cohomology (1, 1)-classes in [Dem12a, §6].
Definition 5.3. Let (X ,ω) be a compact Kähler manifold. Let α ∈ H1,1(X ,R) be a
cohomology (1, 1)-class of X . The class α is nef (numerically eventual free) if for any
ε > 0, there is a smooth closed (1, 1)-form ηε ∈ α so that ηε ≥ −εω. The class α is big
if there is a closed positive (1, 1)-current T ∈ α so that T ≥ δω for some δ > 0. Such
a current T will be called a Kähler current.
Let X be a complex manifold of dimension n and let U ⊂ X be a Zariski open set
of X . Pick a smooth hermitian form ω on X . For any smooth differential form η of
degree p on U so that ∫
U
|η |ω ∧ ωn < +∞,
one can trivially extend η to a currentTη on X of degree n − p by setting
〈Tη,u〉 :=
∫
U
η ∧ u(5.2.1)
where u is the any test form of degree p which has compact support. In general, Tη
might not be closed even if η is closed.
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Let (X ,ω) be a compact Kähler manifold of dimension n. Let α1, . . . ,αn be big co-
homology classes. Let Ti ∈ αi be positive closed (1, 1)-currents whose local potential
is locally bounded outside a closed analytic subvariety ofX (a particular case of small
unbounded locus of [BEGZ10, Definition 1.2]). In this celebrated work by Boucksom-
Eyssidieux-Guedj-Zariahi [BEGZ10], they defined non-pluripolar product for these
currents
〈T1 ∧ · · · ∧Tp〉
which is a closed positive (p,p)-current, and does not charge on any closed proper
analytic subsets. Therefore, if we assume further that Ti is smooth over X −A where
A is a closed analytic subvariety of X , then 〈T1 ∧ · · · ∧ Tp〉 is nothing but the trivial
extension of the (p,p)-form (T1 ∧ · · · ∧Tp)|X−A to X .
Following [BEGZ10, Definition 1.21], for a big class α , a positive (1, 1)-currentT ∈
α has full Monge-Ampère mass if ∫
X
〈Tni 〉 = Vol(α).
The set of such positive currents in α with full Monge-Ampère mass is denoted by
E(α). We will not recall the definition of the volume of big classes by Boucksom in
[Bou02]. We just mention that when the class α is big and nef, one has
Vol(α) = αn .
The following lemma will be used in § 5.3.
Lemma 5.4. Let (X ,ω) be a compact Kähler manifold and let D be a simple normal
crossing divisor on X . Let S be a closed positive (1, 1)-current on X so that S |X−D is a
smooth (1, 1)-form over X − D which is strictly positive at one point and has at most
Poincaré growth near D. Then the cohomology class α := {S} is big and nef, and
S ∈ E(α).
Proof. Let T be the Kähler current on X constructed in Remark 1.5. Since T |X−D has
at most Poincaré growth near D, there exists a constant C1 > 0 so that
C1T − S ≥ 0.
Pick any point x ∈ D. Then there exists some admissible coordinates (U ; z1, . . . , zn)
centered at x so that the local potential φ of S satisfies that
φ ≥ −C1 log(−
ℓ∏
i=1
log |z1 |2) −C2
for some constant C2 > 0. Hence S has zero Lelong numbers everywhere and thus α
is nef. Since S is strictly positive at one point on X −D, it is big by [Bou02]. It follows
from [Gue14, Proposition 2.3] that S ∈ E(α). The lemma is proved. 
Let us recall an important theorem in [BEGZ10].
Theorem 5.5 ([BEGZ10, Corollary 2.15]). Let (X ,ω) be a compact Kähler manifold of
dimension n. Let α1, . . . ,αn be big and nef classes on X . For Ti ∈ E(αi) which are all
smooth outside a closed proper analytic subset A, one has∫
X−A
T1 ∧ · · · ∧Tn =
∫
X
〈T1 ∧ · · · ∧Tn〉 = α1 · · · αn .
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5.3. Hermitian-Yang-Mills metric and stability. Let (X ,ω) be a compact Kähler
manifold and let D be a simple normal crossing divisor on X . As we mentioned in
§ 0.4, for applications of birational geometry, one usually considers more general
polarization by big and nef line bundles. In this subsection, we will prove that a
log Higgs bundle (E,θ ) on (X ,D) is µα -polystable if (E,θ )|X−D admits a Hermitian-
Yang-Mills metric whose growth at infinity is “mild”, where α is certain big and nef
cohomology class. When dim X = 1 or D =  and the polarization is Kähler, this has
been proved by Simpson [Sim88,Sim90]. As we have seen in Theorem 1.10, whenX is
projective and both the first and secondChern classes of E vanish and the polarization
is an ample line bundle, this result has been proved by Mochizuki.
We start with the following technical result, which is strongly inspired by the deep
result of Guenancia [Gue16, Proposition 3.8].
Proposition 5.6. Let (X ,ω0) be a compact Kähler manifold and let D be a simple nor-
mal crossing divisor on X . Let (E,θ ) be a log Higgs bundle on (X ,D). Let α be a big
and nef cohomology (1, 1)-class containing a positive closed (1, 1)-current ω ∈ α so that
ω |X−D is a smooth Kähler form and has at most Poincaré growth near D. Assume that
there is a hermitian metric h for (E,θ )|X−D which is adapted to log order (in the sense of
Definition 4.1) and is acceptable (in the sense of Definition 4.2). Then for any saturated
Higgs subsheaf G ⊂ E, one has
c1(G) · αn−1 =
∫
X−D−Z
tr (
√
−1RhG (G)) ∧ ωn−1(5.3.1)
where Z is the analytic subvariety of codimension at least two so thatG |X−Z ⊂ E |X−Z is
a subbundle, and hG is the metric onG induced by h.
Proof. By Remark 1.5, one can construct a Kähler current
T := ω0 −
√
−1∂∂ log(−
ℓ∏
i=1
log |ε · σi |2hi ),(5.3.2)
overX , whose restriction on X −D is a complete Kähler formωP , which has the same
Poincaré growth near D. Here σi is the section H
0(X ,OX (Di)) defining Di , and hi is
some smooth metric for the line bundle OX (Di ). Since we assume that h is acceptable,
(after rescalingT by multiplying a constant) one thus has
|Fh(E)|h,ωP ≤ 1.
By Lemma 5.1, one has
−1 ⊗ ωP ≤Nak Fh(E) ≤Nak 1 ⊗ ωP
over X − D.
We first consider the case that G is an invertible saturated subsheaf of E which is
invariant under θ . Then the metric h of E induces a singular hermitian metric hG for
G defined on the whole X , which is smooth on on X ◦ := X − D − Z . The curvature
current
√−1RhG (G) is a closed (1, 1)-current on X − D, which is a smooth (1, 1)-form
on X ◦. Define by π : E |X ◦ → G |X ◦ the orthogonal projection with respect to h and
π⊥ : E |X ◦ → G⊥ |X ◦ the projection to its orthogonal complement. By the Chern-Weil
formula (see for example [Sim88, Lemma 2.3]), over X ◦, we have
RhG (G) = FhG (G) = Fh(E)|G + βh ∧ β − φ ∧ φh(5.3.3)
where Fh(E)|G is the orthogonal projection of Fh(E) on Hom(G,G)|X ◦ = OX ◦ , and β ∈
A 1,0(X ◦,Hom(G,G⊥)) is the second fundamental form, andφ ∈ A 1,0(X ◦,Hom(G⊥,G))
is equal to θ |G⊥ . Hence
√−1RhG (G) ≤
√−1Fh(E)|G .
32 YA DENG
For any local frame e of G |X ◦ , note that
|e |2h ·
√
−1Fh(E)|G = 〈
√
−1Fh(E)(e), e〉h ≤ 〈1 ⊗ ωPe, e〉h = |e |2h · ωP
Hence
√−1Fh(E)|G − ωP is a semi-negative (1, 1)-form on X ◦, and thus over X ◦ one
has
−
√
−1RhG (G) +T ≥ ωP −
√
−1Fh(E)|G ≥ 0
Since we assume that (E,h) is adapted to log order, (G−1 |X−Z ,h−1G |X−Z ) is thus adapted
to log order for the log pair (X −Z ,D−Z ). By Lemma 4.5 and (5.3.2), −√−1RhG (G)+T
extends to a closed positive (1, 1)-current on X −Z . Since Z is of codimension at least
two, a standard fact in pluripotential theory shows that −√−1RhG (G) +T extends to
a positive closed (1, 1)-current on the whole X .
Denote by s ∈ H0(X , E ⊗ G−1) the section defining the inclusion G → E. We fix a
smooth hermitian metric h0 forG and we define a function H := |s |2h·h−10 = hG · h
−1
0 on
X − D. Then
√
−1∂∂ logH =
√
−1Rh0(G) −
√
−1RhG (G).(5.3.4)
Hence there is a constant C0 > 0 so that
√
−1∂∂ logH +C0T ≥ T .(5.3.5)
By Lemma 5.4, ω ∈ E(α). Since √−1Rh0(G) is a smooth (1, 1)-form on X , it follows
from Theorem 5.5 that ∫
X ◦
√
−1Rh0(G) ∧ ωn−1 = c1(G) · αn−1.
To prove (5.3.1), by (5.3.4) and the above equality it suffices to prove that∫
X ◦
√
−1∂∂ logH ∧ ωn−1 = 0.(5.3.6)
We will pursue the ideas in [Gue16, Proposition 3.8] to prove this equality.
Let us take a log resolution µ : X˜ → X of the ideal sheafI defined by s ∈ H0(X , E⊗
G−1), with OX˜ (−A) = µ∗I and D˜ := µ−1(D) a simple normal crossing divisor. Let us
denote by (E˜, θ˜) the induced log Higgs bundle on (X˜ , D˜) by pulling back (E,θ ) via µ.
Then the metric h˜ := µ∗h for (E˜, θ˜ )|X˜−D˜ is also adapted to log order and acceptable by
Lemma 4.3.
Note that Supp(OX /I ) = Z . Write G˜ := µ∗G. There is a nowhere vanishing section
s˜ ∈ H0(X˜ , E˜ ⊗ G˜−1 ⊗ OX˜ (−A))
so that µ∗s = s˜ · σA, where σA is the canonical section in H0(X˜ ,OX˜ (A)) which defines
the effective exceptional divisor A.
Fix a Kähler form ω˜ on X˜ , as Remark 1.5 we construct another Kähler current
T˜ := ω˜ −
√
−1∂∂ log(−
m∏
i=1
log |ε · σ˜i |2
h˜i
),(5.3.7)
over X˜ , whose restriction on X˜ − D˜ is a complete Kähler form, which has the same
Poincaré growth near D˜. Here σ˜i is the section H
0(X ,OX (D˜i)) defining D˜i , and h˜i is
some smooth metric for the line bundle OX˜ (D˜i).
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Let us fix a smooth hermitian metric hA for OX˜ (A). Write H˜ := |s˜ |2h˜·µ∗h−10 ·h−1A . Since h˜
is adapted to log order and s˜ is nowhere vanishing, there is a constant C1,C2 > 0 so
that
log H˜ ≥ C1φP −C2,(5.3.8)
where we denote by
φP := − log(−
ℓ∏
i=1
log |ε · σ˜i |2
h˜i
).
Since h˜ := µ∗h for (E˜, θ˜)|X˜−D˜ is acceptable, by same arguments as those for (5.3.5), one
can show that √
−1∂∂ log H˜ +C3T˜ ≥ T˜
over X˜ − D˜ for some constantC3 > 0. Note that the local potential of
√−1∂∂ log H˜ +
C3T˜ is bounded from below by (C1+C3)φP according to (5.3.8). By [Gue14, Proposition
2.3], one has √
−1∂∂ log H˜ +C3T˜ ∈ E({C3T˜ }).
It follows from (4.1.1) that µ∗ω ≤ C4T˜ for some constantC4 > 0. By Lemma 5.4 again,
µ∗ω ∈ E(µ∗α). Hence by Theorem 5.5 one has∫
µ−1(X ◦)
(
√
−1∂∂ log H˜ +C3T˜ ) ∧ µ∗ωn−1 = {C3T˜ } · µ∗αn−1.
Recall that T˜ ∈ E({T˜ }) by Lemma 5.4. Hence∫
µ−1(X ◦)
C3T˜ ∧ µ∗ωn−1 = {C3T˜ } · µ∗αn−1.
One thus has ∫
µ−1(X ◦)
√
−1∂∂ log H˜ ∧ µ∗ωn−1 = 0.(5.3.9)
Note that over X˜ − D˜, one has
√
−1∂∂ log H˜ + [A] −
√
−1RhA(A) = µ∗
√
−1∂∂ logH
where [A] is the current of integration of A. Hence over µ−1(X ◦) ≃ X ◦, one has
√
−1∂∂ log H˜ −
√
−1RhA(A) = µ∗
√
−1∂∂ logH .(5.3.10)
By Theorem 5.5 again,∫
µ−1(X ◦)
√
−1RhA(A) ∧ µ∗ωn−1 = c1(A) · µ∗αn−1 = 0,(5.3.11)
where the last equality follows from the fact that A is µ-exceptional. (5.3.9), (5.3.10)
together with (5.3.11) shows the desired equality (5.3.6). We finish the proof of (5.3.1)
when rankG = 1.
Assume that rankG = r . We replace (E,θ ,h) by the wedge product (E˜, θ˜ , h˜) :=
Λ
r (E,θ ,h). By Lemma 5.2, the induced metric h˜ is also acceptable and one can easily
check that it is also adapted to log order. Note that detG is also invariant under θ˜ ,
and that
detG → ΛrE.
We then reduce the general cases to rank 1 cases. The proposition is thus proved. 
Let us state and prove the main result in this section.
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Theorem 5.7. LetX be a compact Kähler manifold and let D be a simple normal cross-
ing divisor on X . Let α be a big and nef cohomology (1, 1)-class containing a positive
closed (1, 1)-current ω ∈ α so that ω |X−D is a smooth Kähler form and has at most
Poincaré growth near D. Let (E,θ ) be a log Higgs bundle on (X ,D). Assume that there
is a hermitian metric h on (E,θ )|X−D such that
• it is adapted to log order (in the sense of Definition 4.1);
• it is acceptable (in the sense of Definition 4.2);
• it is Hermitian-Yang-Mills:
ΛωFh(E)⊥ = 0.
Then (E,θ ) is µα -polystable.
Proof. We shall use the same notations as those in Proposition 5.6. LetG be any satu-
rated Higgs-subsheafG ⊂ E, and denote by Z the analytic subvariety of codimension
at least two so thatG |X−Z ⊂ E |X−Z is a subbundle. By the Chern-Weil formula again,
over X ◦ := X − Z − D we have
ΛωFhG (G) = ΛωFh(E)|G + Λω(βh ∧ β − φ ∧ φh)
= ΛωF
⊥
h (E)|G +
ΛωTrFh(E)
rankE
⊗ 1G + Λω(βh ∧ β − φ ∧ φh)
=
ΛωTr (Fh(E))
rankE
⊗ 1G + Λω(βh ∧ β − φ ∧ φh).
where β ∈ A 1,0(X ◦,Hom(G,G⊥)) is the second fundamental form of G in E with
respect to the metric h, and φ ∈ A 1,0(X ◦,Hom(G⊥,G)) is equal to θ |G⊥ .
Hence∫
X ◦
Tr (
√
−1FhG (G)) ∧ ωn−1 =
∫
X ◦
Tr (Λω
√
−1FhG (G))
ωn
n
=
∫
X ◦
rankG
rank E
ΛωTr (
√
−1Fh(E))
ωn
n
+TrΛω(
√
−1βh ∧ β −
√
−1φ ∧ φh)
ωn
n
=
∫
X ◦
rankG
rank E
Tr (
√
−1Fh(E))ωn−1 − (|β |2h + |φ |2h)
ωn
n
By Proposition 5.6 together with the above inequality, one concludes the slope in-
equality
µα (G) ≤ µα (E)
and the equality holds if and only if β ≡ 0 and φ ≡ 0. We shall prove that if the above
slope equality holds, G is a sub-Higgs bundle of E, and we have the decomposition
(E,θ ) = (G,θ |G) ⊕ (F ,θF )
where (F ,θF ) is another sub-Higgs bundle of E.
Set rank E = r and rankG = m. We first prove that G is a subbundle of E. It is
equivalent to show that detG → ΛrE is a subbundle, and we thus reduce the problem
to the case that rankG = 1. Assume that µα (G) = µα (E) and thus β ≡ 0 and φ ≡ 0. By
(5.3.3), over X ◦ one has
√
−1RhG (G) =
√
−1Fh(E)|G ≥ −T |X ◦ ,(5.3.12)
whereT is the Kähler current defined in (5.3.2). By Lemma 4.5,
√−1RhG (G)+T extends
to a closed positive (1, 1)-current on t X − Z , and thus to the whole X .
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Assume now x0 ∈ X is a point where (E/G)x0 is not locally free. Take a local
holomorphic frame e of G on some open neighborhood (U ; z1, . . . , zn) of x , and a
holomorphic frame e1, . . . , er of E. Then e =
∑r
i=1 fi(x)ei , where fi ∈ O(Ui ) so that
f1(x0) = · · · = fr (x0) = 0. By the asssumption that h is adapted to log order, one
concludes that
log |e |2h ≤ C1 log(|z1 |2 + · · · + |zn |2) +C2 log(− log(
ℓ∏
i=1
|z |2i ))(5.3.13)
for some positive constants C1 and C2. On the other hand, by (5.3.12) on U we have
√
−1∂∂ log |e |2h = −
√
−1RhG (G) ≤ T .
By the construction of T , we conclude that
log |e |2h ≥ C3 log(− log(
ℓ∏
i=1
|z |2i )) +C4,
for some C3 > 0 and C4 < 0. This contradicts with (5.3.13). Hence we conclude that
when the slope equality holds, G is a subbundle of E.
We now find the desired decomposition of (E,θ ). By the above argument, when the
slope equality holds, (G,θ |G) is a Higgs subbundle of (E,θ ) (not assumed to be rank 1
now), and β ≡ 0 and φ ≡ 0. This means that the orthogonal projection π : E |X−D →
G |X−D is holomorphic, thatG⊥ is a holomorphic subbundle of E |X−D , and that
(E,θ )|X−D = (G,θ |G)|X−D ⊕ (G⊥,θ |G⊥).(5.3.14)
We shall prove that π extends to a morphism π˜ : E → G so that π ◦ ι = 1. For
any point x0 ∈ D, we pick an admissible coordinate (U ; z1, . . . , zn) centered at x0 and
a holomorphic fame (e1, . . . , er ) for E |U adapted to log order so that (e1, . . . , em) is a
holomorphic fame for G |U . Write π (ej |X−D) =
∑r
i=1 fi(x)ei , where fi(x) ∈ O(U − D).
For j = 1, . . . ,m, one has π (ej |X−D) = ej and it extends naturally. For j > m, over
U ∗ = U − D one has
C(− log(
ℓ∏
i=1
|z |2i ))M ≥ |ej |2h ≥ |π (ej)|2h ≥ Hij | fi | | fj |
for some C,M > 0, where Hij := h(ei , ej) with (Hij)1≤i,j≤r adapted to log order. Hence
each | fi | is locally bounded from above on U , and it thus extends to a holomorphic
function on U . We conclude that π extends to a morphism π˜ : E → G, whose rank
is constant and π˜ ◦ ι = 1, where ι : G → E denotes the inclusion. Let us define by
F := ker π˜ , which is a subbundle of E so that E = G ⊕ F . Note that F |X−D = G⊥. By
(5.3.14) togetherwith the continuity properywe conclude that F is a sub-Higgs bundle
of (E,θ ), and that (E,θ ) = (G,θ |G) ⊕ (F ,θ |F ). Since h |G (resp. h |F ) is a Hermitian-Yang-
Mills metric for (G,θ |G) (resp. (F ,θ |F )) satisfying the three conditions in the theorem,
we can argue in the same way as above to decompose (G,θ |G) and (F ,θ |F ) further to
show that (E,θ ) is a direct sum of µα -stable log Higgs bundles with the same slope.
Hence (E,θ ) is µα -polystable. We prove the theorem. 
5.4. Application to toroidal compactification of ball quotient. Let Γ ∈ PU (n, 1)
be a torsion free lattice, and let B
n
upslopeΓ be the associated ball quotient. By the work
of Baily-Borel, Siu-Yau and Mok [Mok12], B
n
upslopeΓ has a unique structure of a quasi-
projective complex algebraic variety (see for example [BU20, Theorem 3.1.12]). When
the parabolic subgroups of Γ are unipotent, by the work of Ash et al. [AMRT10]
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and Mok [Mok12, Theorem 1], B
n
upslopeΓ admits a unique smooth toroidal compactifi-
cation, which we denote by X . Let us denote by D := X − BnupslopeΓ the boundary di-
visor, which is a disjoint union of abelian varieties. Let дB be the Bergman metric
for Bn , which is complete, invariant under PU (n, 1) and has constant holomorphic
sectional curvature −1. Hence it descends to a metric ω on X − D. If we con-
sider ω as a metric for TX (− logD)|X−D , by [To93, Proposition 2.1] it is good in the
sense of Mumford [Mum77, Section 1]. Therefore, by for any k ≥ 1, it follows
from [Mum77, Theorem 1.4] that the trivial extension of the Chern form ck(TX−D ,ω)
onto X defines a (k,k)-current [ck(TX−D ,ω)] on X , which represents the cohomology
class ck(TX (− logD)) ∈ Hk ,k(X ). Let us first prove (0.1.3), which is indeed an easy
computation.
For any x0 ∈ X −D, we take a normal coordinate system (z1, . . . , zn) centered at x0
so that
ω =
√
−1
∑
1≤ℓ,m≤n
δℓmdzℓ ∧ dz¯m −
∑
j,k ,ℓ,m
cjkℓmzjz¯k +O(|z |3)
where cjkℓm is the coefficients of the Chern curvature tensor
Rω(TX ) =
∑
j,k ,ℓ,m
cjkℓmdzj ∧ dz¯k ⊗ (
∂
∂zℓ
)∗ ⊗ ∂
∂zm
.
By [Mok89, p. 177], one has
cjkℓm(x0) = −(δjkδℓm + δjmδkℓ).(5.4.1)
Hence
c1(TX−D ,ω)|x0 = −
i
2π
(n + 1)ω |x0
c2(TX−D ,ω)|x0 =
tr (Rω(TX−D) ∧ Rω(TX−D)) − tr (Rω(TX−D))2
8π 2
=
(n + 1)ω ∧ ω |x0 − (n + 1)2ω ∧ ω |x0
8π 2
This implies that
nc1(TX−D ,ω)2 − 2(n + 1)c2(TX−D ,ω) ≡ 0.
We thus conclude that the Chern classes ck(Ω1X (logD)) satisfies
nc1(Ω1X (logD))2 − 2(n + 1)c2(Ω1X (logD)) = 0.
Hence (0.1.3) in Theorem B holds.
For the log Hodge bundle (E,θ ) = (E1,0 ⊕ E0,1,θ ), given by
E1,0 := Ω1X (logD), E0,1 := OX
with the Higgs field θ defined in (0.1.1), we shall prove that it is µα -polystable for the
big and nef polarization α in Theorem 5.7. We equipped (E1,0 ⊕ E0,1)|X−D with the
metric
h := ω−1 ⊕ hc(5.4.2)
where hc is the canonical metric on OX−D so that |1|hc = 1. Recall that the curvature
Fh(E) of the connection Dh := dh + θ + θh is
Fh(E) = Rh(E) + [θ ,θh],
where Rh(E) is the Chern curvature of (E,h). Let us now compute Fh(E), which is also
an easy exercise.
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To distinguish the sections of Higgs bundles and forms, we write ei := dzi , and
denote by e0 = 1 the constant section of OX . Hence (e0, e1, . . . , en) is an orthonormal
basis at x0 with respect to the metric h, and
θ (e0) = 0, θ (ei) = e0 ⊗ dzi for i = 1, . . . ,n.
Moreover,
θh(e0 |x0) =
n∑
j=1
ej |x0 ⊗ dz¯j ; θh(ei) = 0 for i = 1, . . . ,n
Then one has
Rh(E) = −cjkmℓdzj ∧ dz¯k ⊗ (eℓ)∗ ⊗ em .
By (5.4.1), for i = 1, . . . ,n,
√
−1Fh(E)(ei |x0) = −
∑
j,k ,m
√
−1cjkmidzj ∧ dz¯k ⊗ em |x0 +
∑
k
√
−1dz¯k ∧ dzi ⊗ ek |x0
=
∑
j
√
−1dzj ∧ dz¯j ⊗ ei |x0 +
∑
k
√
−1dzi ∧ dz¯k ⊗ ek |x0
+
∑
k
√
−1dz¯k ∧ dzi ⊗ ek |x0 = ω ⊗ ei |x0 .
Also, √
−1Fh(E)(e0 |x0) =
√
−1θ ∧ θh(e0 |x0) = ω ⊗ e0 |x0
In conclusion, one has √
−1Fh(E) = ω ⊗ 1,
In particular, h is a Hermitian-Yang-Mills metric for (E,θ )|X−D . We shall show that it
satisfies the three conditions in Theorem 5.7. Indeed, we only have to check the first
two conditions since
√−1Fh(E)⊥ ≡ 0.
We first note that ω has at most Poincaré growth near D in the sense of Defini-
tion 1.4. Indeed, this follows easily from the Ahlfors-Schwarz lemma (see for ex-
ample [Nad89, Lemma 2.1]) since the holomorphic sectional curvature of ω is −1.
Hence for any admissible coordinate system (U ; z1, . . . , zn) as in Definition 1.3, one
has |Fh(E)|h,ωP ≤ C, where ωP is the Poincaré metric on U ∗.
By the following result, we see that h is adapted to log order.
Lemma 5.8 ( [Mok12, eq. (8) on p. 338]). Let (X ,D) be as above. Then for any x ∈ D,
there is an admissible coordinate (U ; z1, . . . , zn) at x so that the frame z1 ∂∂z1 ,
∂
∂z2
, . . . , ∂
∂zn−1 ,
∂
∂zn
is adapted to log order (in the sense of § 4.1) with respect to the above metric ω.
Therefore, the metric h for (E,θ )|X−D satisfies the three conditions in Theorem 5.7.
In conclusion, (E,θ ) is µα -polystable for the big and nef class α in Theorem 5.7
To finish the proof of Theorem B, we have to show that c1(KX +D) can be made as
a polarization in Theorem 5.7, which follows from the following result.
Lemma 5.9 ( [Mok12, Proposition 1]). The Kähler form (n+1)2π ω onX −D defined above
extends to a closed positive (1, 1)-current ϖ ∈ c1(KX + D) with zero Lelong numbers. In
particular, KX + D is big and nef.
Let us provide a quick proof here for completeness sake.
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Proof of Lemma 5.9. Note that the volume form ωn defined a metric hv for (KX +
D)|X−D , which is adapted to log order by Lemma 5.8. By (5.4.1), one has
Ric(ω) = −(n + 1)ω .
Hence
√−1Rhv ((KX + D)|X−D ) = (n + 1)ω. By Lemma 4.5, hv extends to a singular
metric h˜v for KX + D so that its curvature current
√−1Rh˜v (KX + D) is positive. The
Lelong number of
√−1Rh˜v (KX +D) is zero everywhere since h˜v is adapted to log order.
This shows that KX + D is big and nef, which is ample over X − D. 
6. Conjugate non-compact ball qotient
As an application of Theorems A and B, we shall prove that the conjugate of non-
compact ball quotient under an automorphism of C is still a ball quotient. It was
proved by Kazhdan [Kaz83] for arithmetic lattice, and by Mok-Yeung [MY93] and
Baldi-Ullmo [BU20] for non-arithmetic lattice. The cocompact case can be easily
proved using the Miyaoka-Yau inequality in [Yau78].
Let us make the following conventions for this section. LetX be a complex projec-
tive variety with Xalg the corresponding algebraic variety over C. For any coherent
sheaf E on X , denote by Ealg the corresponding coherent sheaf on Xalg. Conversely,
for any coherent sheaf Ealg onXalg, we denote by E the corresponding coherent sheaf
on X .
Proof of Corollary C. We first assume that parabolic subgroups of Γ are unipotent.
By [Mok12, Theorem 1], there is a toroidal compactification X for the ball quotient
X := B
n
upslopeΓ, so thatD := X−X is a smooth divisor. Moreover,X is projective, whose al-
gebraic structure is unique, denoted by X alg. By Grothendieck’s comparison theorem
(see e.g. [CS14, Theorem 11.1.2]), there is a canonical isomorphism
φ : H i(X alg) ∼−→ H i (X ,C).(6.0.1)
Consider the conjugate variety X
σ
alg by the Cartesian diagram
X
σ
alg X alg
Spec(C) Spec(C)
σ−1
σ ∗
Then Dσ
alg
:= σ−1(Dalg) is also a smooth divisor on the smooth projective varietyXσalg.
Denote by (X σ ,Dσ ) the analytification of (X σalg,Dσalg). We are going to show that the
projective log pair (Xσ ,Dσ ) satisfies all the conditions in Theorem A.
We set up the notations in what follows. For a coherent sheaf Falg on X alg, we
denote by F σ
alg
:= (σ−1)∗Falg, whose analytification is denoted by F σ .
Fix an ample line bundle Lalg on X alg. Then L
σ is an ample line bundle over X
σ
.
By [CS14, p. 473] σ−1 induces natural isomorphism
(σ−1)∗ : H i (X alg) ∼−→ H i (Xσalg).(6.0.2)
and
(σ−1)∗Ωi
X alg
(logDalg) ∼−→ Ωi
X
σ
alg
(logDσalg).(6.0.3)
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Moreover, for any vector bundle Ealg on X alg, one has
φ(ck(Ealg)) = ck(E)(6.0.4)
and
(σ−1)∗(ck(Ealg)) = ck(Eσalg).
By (0.1.3) in Theorem B, one has
2c2(Ω1
X
(logD)) − n
n + 1
c1(Ω1
X
(logD))2 = 0.(6.0.5)
It then follows from (6.0.3) and (6.0.4) that
2c2(Ω1
X
σ (logDσ )) − n
n + 1
c1(Ω1
X
σ (logDσ ))2 = 0.(6.0.6)
By Theorem B, the log Higgs bundle (E,θ ) := (Ω1
X
(logD) ⊕ OX ,θ ) defined as (0.1.1)
is µL-polystable. By (6.0.3), its conjugate via σ is the log Higgs bundle (Eσ ,θσ ) :=
(Ω1
X
σ (logDσ ) ⊕ OXσ ,θσ ), where θσ is defined as (0.1.1). Let F ⊂ Eσ be any saturated
coherent Higgs sub-sheaf. Then F σ−1 is a Higgs subsheaf of (E,θ ). Note that we
always have the slope inequality µL(F σ−1) ≤ µL(E), and the equality holds if and only
if (F σ−1 ,θ |F σ−1 ) is a direct summand of (E,θ ). It then follows from (6.0.3) and (6.0.4)
that
µLσ (F ) = µL(F σ−1) ≤ µL(E) = µLσ (Eσ ).(6.0.7)
Note that the conjugate of (F σ−1)σ = F for σ ◦σ−1 = 1. We thus conclude that, when
the equality (6.0.7) holds, (F ,θσ |F ) is a direct summand of (Eσ ,θσ ). Hence the log
Higgs bundle (Eσ ,θσ ) is µLσ -polystable.
In conclusion, the projective log pair (Xσ ,Dσ ) satisfies all the conditions in Theo-
rem A. Applying Theorem A, we conclude that the universal cover of Xσ = X
σ − Dσ
is also the complex unit ball Bn . This proves the corollary when parabolic subgroups
of Γ are unipotent.
In the general case, there is a finite index subgroup Γ′ ⊂ Γ so that parabolic sub-
groups of Γ′ are unipotent (see for example [BU20, §3.3]). Denote by X := B
n
upslopeΓ and
Y := B
n
upslopeΓ′. Recall that there are unique algbraic varieties Xalg and Yalg whose ana-
lytifications are X and Y . The finite cover Y → X induces a finite étale surjective
morphism Yalg → Xalg. Since the base change of an étale morphism is étale, we con-
clude that Yσ
alg
→ Xσ
alg
is also a finite étale surjective morphism. By the above result,
Yσ is the ball quotient. Since Yσ → Xσ is a finite cover, Xσ is also the ball quotient.
The corollary is proved. 
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